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PROBLEMS IN THE STATISTICS 
OF AUTOMATIC PATTERN RECOGNITION 
BY MULTIFRAME SCANNING 


A. E. Basharinov 


The statistical indices of automatic pattern recognition equipment used in multiframe 
scanning are examined. Relations for the calculation of computer memory capacity of the 
electronic computer are derived in the stationary state for algorithms of random duration. 
It is noted that the memory capacity may be reduced by using selection precedures with two 
thresholds. 

1. The principles of construction of apparatus for automatic pattern recognition are 
treated in [1] and [2]. 

In the system with a finite number of cells, the pattern to be recognized represents a 
given state of a group of cells (in binary quantization each cell has two states). 

To be definite we will consider the case of a two-dimensional cell. 

Limitation of the memory storage capacity does not as a rule permit us to realize a 
parallel treatment of data for all cells and therefore, a consecutive method is used, in which 
the cells are alternately commuted during the frame time, and only cells with a "nonzero" 
state are sampled. 

Wax [3] considered the pattern as a track of recognition distorted by noise. When the 
patterns are distorted by noise, high fidelity reproduction may, nonetheless, be obtained by 
the simultaneous acquisition of data from several frames. The methods of data comparison 
depend on the properties of the pattern and, in particular, on the stability of the picture in 
time. In the simplest case the pattern consists of "individual" points, the position of which 
remains stable during observation (the zeroth order pattern). 

The case of a linear shift of the dots over an interval of several frames of the pattern 
is described by an equation of the first order. In the more general case, when the pattern 
can be described by ann-thorder equation, one may speak of an n-th order pattern. 

2. The apparatus for pattern recognition selects signal impulses in a background of 
noise pulses which arise at the output of the switching system scanning the cells frame by 
frame. 

Selection of the signal sequence is made by a comparison of the data for several frames 
with a logical selection according to an assumed criterion. The selection process can be 
represented as consisting of waiting times relative to the processing of data connected with 
the appearance of separate patterns (real or false). The duration of the waiting time is a 
random variable with a distribution law depending only on the chosen selection algorithm*. 

The selection algorithms may differ in the character of the dependence of the number 
of memory cells on the duration of the waiting time, as an algorithm with a fixed memory 
load during the waiting time and as an algorithm with an increasing memory load during 
the waiting time. 

3. Let us consider the loading characteristics of the memory capacity for the selec- 
tion of algorithms, which use a fixed number of memory cells in the course of the waiting 
time. 


* In contrast with cases characterizing the technique of mass servicing, the distribu- 
tion function of the duration of waiting time has a nonexponential character. 


An 


The number of cells n occupied at an arbitrary moment is a random variable defined 
by the relation* 


NO)= 3 x(n, 8) (1) 


S=s, k=0 


where €; (n,s) is a random variable equal to zero or unity depending on the load state in 

the n-th frame, occupied for the first time in the s-th frame (the moments of time are con- 

sidered discretely); UV, is a random variable designating the number of pulses in a frame. 
The average value of the number of occupied cells is determined from Eq. (1): 


N (n)= >; Is e;, (N, |. (2) 


=i PISO) 


Using the Wald theorem concerning the average value of the sum of random variables in 
the case of a random number of summands [8], we obtain 


< 


f\« 


&; (N, 8) == Vz, & (7, S), (3) 
k=0 
& (1,8) =1—F (n— 8), (4) 
where F(n-s) represents a distribution function of the duration of test. 

The limiting value of the magnitude N(n) when Sp ~ denotes the average memory 


capacity load in the stationary regime: 


ll 


lim WV (n) = >) v; [t= Film — 5) ee > oa ne (5) 
By—r=—OO s=—0oo l=0 
In the case of stationary flow 
Vv = const. 
Changing to continuous time, we obtain 4) 
vy (reine \ (1 — F (t)) de, (6) 
ro 0 
i.e., in the stationary regime 
N =x, (7) 


where % =v, /Atis the average input flow density; f is the average duration of the test. 

Let us consider the memory capacity due to the noise input flow**. 

In this case ¥, = mpn and N = mpyn; thus, the average number of memory cells occupied 
in the steady-state regime is determined by the product of the average noise flow density 
and the average duration of the waiting time (in the case of an arbitrary law of distribution 
of durations)***. 

4. The magnitude of the variance of the memory load capacity the gate probability 
can be determined on the basis of relations obtained in the theory of mass servicing. Let 
us substitute for the flow, arising in the circuit under consideration at the output of the 
commuting device, a Poisson flow with an equivalent average number of pulses per unit 
time. 

Khinchin [4] showed that with an infinite memory storage capacity in the case of a 
Poisson input flow for an arbitrary distribution law of duration of processing, the probability 
of loading k cells in the steady-state regime is determined by Poisson's law: 


* It is assumed that the absence of marks in all the elements is an unlikely occurrence. 
** The input flow is characterized by the probability of the appearance of noise pulses 
Py and signal pulses Pgjo. 
*** The results of a cAlculanon of the memory load capacity by the method of finite 


difference equations, given in [3] agree satisfactorily with calculations in accordance with 
(7) (see [9], [10]). 
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3 (8) 
The average number of occupied cells equals the variance 
N=s\: ¥n. (9) 
When calculating the load memory capacity of a limited size (number of cells equals M) 
one may use the Sevast'yanov [5] theorem, which tells us that in the case of a Poisson flow 


and an arbitrary distributionlaw for the duration of processing, k cells is determined by the 
Erlang formula 


ies aah aa ree (10) 


When (vn) > 1, which is the case, as a rule*, Eq. (10) can be approximately presented in 
the form 


ed eile ely 
8 Vaan ) 
P= M vee 
SE vn (14 
V vn __ x ) 
\ é 2 dz 
V vn 


As in the case of a device with infinite memory capacity, the average value and variance 
of number of occupied cells are determined by Eq. (9). 

The small magnitude of the relative standard deviation in the case of a large average 
value of the number of occupied cells is characteristic: 


X<1 when N = (vn) 1. (12) 


5. With the use of algorithms that require a load of increasing number of cells in 
the duration of the waiting time, we may take, as an index of the increase in the number of 
occupied cells, the integral function f(s*) of an argument indicating the flow of time after 
the initial waiting time. 

The number of occupied cells in the system ig determined analogously to Eq. (1) by 
the relation 


es 


N (n) = Sy f(m—3) >} ex (x, 8), (13) 


s=1 k 


where 4, (n,s) as before is a random variable, equal to zero or unity, depending on the 
state of the cells in the n-th frame, occupied first in the s-th frame. 

By means of transformations similar to (4) and (6), we obtain a relation for calculating 
the average number of memory cells, occupied in the steady-state regime, in the form 


V=x\/QU—F Olde, (14) 
where F(t) is the distribution function of duration of tests in all the cells, occupied during 
the waiting time, at the moment t after the beginning of the waiting time. 

The average numbey of memory cells, obtainable from (14) can for example be calcu- 
lated in the case f(s) =s”>. 
Using the following relation 
. k 7 ee 
\ [(1—-F@ldt= 4, (15) 


1 
0 


** The number of memory cells Mis 10°—104. 


is 


we find that the average number of cells in the stationary state is determined by the relation 


mT fen { soe . 
Jim NV (n) =F Ta mpynk+t, (16) 


In contrast with the case of an algorithm with a fixed memory load and waiting time, 
the use of an algorithm with an increasing number of occupied cells leads to dependence of 
the memory load capacity on the higher moments of the distribution function for the duration 
of the tests. 

6. With the choice of pattern selection algorithms, one must take into account the 
indices of detection reliability, the required memory capacity, the complexity of realiza- 
taKoyal, (IKeX 

Algorithms can be constructed with the use of single-threshold and dual-threshold [8] 
criteria. 

A characteristic feature of the statistically optimum algorithms is the necessity of 
retaining data in the memory element during the entire time of waiting, which leads to a 
loading of an appreciable volume of the memory capacity. With use of nonoptimal algorithms, 
data storage at the entire time of the process is not required, and it is not possible to carry 
out an analysis of a series of pulses of a single channel (or a group of channels after several 
frames). : 

Let us consider the case of pattern recognition of zeroth order. The optimum selection 
algorithm for the data of n frames consists of a comparison of the number of thresholds ex- 
ceeded with the critical value (selection according to the test "'k from n"'). Nonoptimum 
algorithms may be based on the tests "j from e'', where /<n. 

The simplest method of selection of zeroth order frames is selection according to a 
single passage of a threshold (use of the test ''one from n"). 

In the case of frame recognition of the first, second, etc., orders the use of optimum 
algorithms is found to be hampered by virtue of the complexity of the process, and tests of 
the type ''j from e"' are found to be natural. With the selection of first order frames, for 
example, we may use the criteria ''3 from 3", "3 from 4", etc. 

The first two markers are used to form a frame contour (track) after which we examine 
the hit of the third marker on the feed of one of the marked tracks. 

An analogous method can be used in the selection of second order frames (here one may 
use the criteria '4 from 4", '4 from 5", etc.). 

Markers in three frames are used to form a frame contour (track) after which we ex- 
amine the hit of the fourth marker on the track feed. 

The efficiency of various suboptimum algorithms of selection was compared earlier [3, 
7] and is not the purpose of the present work. 

One may note the appreciable economy in the loading of memory capacity, attainable 
with the use of dual-threshold sequential analysis in comparison with a single-threshold 
selection procedure (see appendix). 


APPENDIX 
Comparison of the average duration of test in single-threshold and dual-threshold selection. 


In the case of a classical single-threshold algorithm with a sufficient process duration 
n, when one may use for accumulation values the standard law 


(|Agpl + |p 1)? 
N=) sane aes ae 
a 
where (I) 
poe Use ee 
Pp (U==125) 3 


AD is the quantum value of the probability of distortionless reproduction D; Ap is the quan- 
tizer of the probability of a flase marking F. 


When F <D |/Apl> |Ap!; |Apl=V2TIn FT. According to (1) we obtain 


een ME Pa) 
2 (Pa Pa ee (IT) 


In the case of a dual-threshold algorithm the approximate expressions for the average 
times of analysis are given in [6]. When (Png — Pp) <Pp 
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= 2DPy C5) 


Ds (ng — Pp)? |In F |, (LI) 
es 2p, (1—py) 
Ny =~ Ce Py) —Pp P | In (1 — D) |. (IV) 


Using (I)-(V), we obtain the ratios of the average times of analysis for a sequential 
algorithm to the time of analysis for a singio threshold observation: 


~ D, (V) 


(VI) 


Eqs. (V) and (VI) show, in the case of an asymmetrical requirement for the admissible 
probabilities of passage and false detection, economy in the test duration, and consequently 
economy in the memory capacity with the use of sequential dual-threshold algorithms in 
comparison with single-threshold observation. 
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NONSTATIONARY METHOD 
FOR LOADING THE MEMORY OF A CONTROL DEVICE 
WITH STATISTICAL PATTERN RECOGNITION 


B. S. Fleyshman 


An expression is obtained for the generating function giving the number of occupied 
memory cells of a control device which services the flow of calls. A calculation is made 
of the nonstationary method of loading the memory of such adevice. From the resulting 
relations, we obtain, as a special case, the well-known relations of the theory of mass 
service. We demonstrate the generality of the distribution of the number of tests in the 
case of sequential analysis of alternative hypotheses and give curves of memory cell load 
in this case. 

In connection with the operation of control devices for recognizing signals and patterns 
against a noise background [1,2,3,4] along with statistical problems, a number of problems 
arise from the theory of mass service. Usually, the flow at the input of such a control 
device consists of either a flow of "noise" calls, or a flow consisting of a mixture of noise 
and "signal" calls. Thus, various problems of filter discrimination of signal calls from 
noise calls emerge. When the control device has a limited memory size, it is not possible 
to find the solution of such problems by the usual optimum methods of mathematical statis- 
tics (the Neyman-Pearson or the sequential analysis method). The general optimum prin- 
ciples of solution are not formulated here. However, one of the special problems of great- 
est practical significance is the study of the probability of loading the memory storage of 
a control device, when, this memory being limited, it is not desirable to fill it. In the 
stationary regime the solution of this problem is contained in [4]. In [1] a system of finite 
difference equations is given for calculation of the average number of occupied storage 
locations in the nonstationary regime. In [1] with certain broad assumptions we obtain 
the average variance, and the distribution of the number of occupied storage locations are 
obtained for the nonstationary case. 

1. Leta flow of calls enter the input of a control device with an infinite number M=°& 
of storage locations. We will characterize it by a random function %(s) equal to the number 
of calls entering during the time interval t(s<t<s+h), where h> 0 is a discrimination 
time step. We will assume that %(s) and x(s') are independent random variables for an 
arbitrary s#s'>10. Let each moment s be related to the random function V (s) designating 
the service time of a call, if it entered at the moment s, reckoned from its moment of birth 
up until termination of service. We will assume that v(s) does not depend on x(s') for any 
s and s' > and has a distribution function 


P (v(s) << t) = F, (t). (1) 
Let us first consider the case of discrete observation of a real continuous flow of calls 
s=jh, V(s) =ih (i, j= 0,1,2,..., h= const > 0), when the moments of birth of the calls and 


of termination of service are indistinguishable, if they are located within the time interval 
t(s<t<s+h) and they are identified, for example, with sth. 

Suppose each birth of calls is serviced (statistically analyzed) in a separate storage 
location of the control device up to the moment of the final statistical decision concerning 
its noise or signal character, after which the storage location is cleared and other calls can 
be received. Under these conditions the number U(t) of occupied storage locations of a con- 
trol device at moment t is a random integer function. One must find its distribution T(u(t)=m) 
from the preassigned distributions P(x (s)=k) and P(V(s) <t) = F(t). We introduce the gen- 
erating functions (2) 


8s (x) = My P (x (s) — ) ok 
k=0 
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and 


= 2h P ty @) =m) 2™. (3) 


It can be shown (see Appendix 1) that G(x) Ent the following representation basic for further 
discussion 


Pell g(t + [1 —F,(¢ — 5)] (x — 1). (4) 


s=h 


Biman (4) with respect to x, we obtain expressions for Eu(t) and the dispersion 
H(t): 


EO) = C1) ae Eos) 1 1) eens) |, (5) 


s=h 


Dy (t) = G (4) + G (1) — (6, 1) PF = 


= Ey (t) + >) (Dx (s) — Ex (s)] 1 — F(t — 9), (6) 
sv 
which have meaning for finite Ex(s) and Dx(s), respectively. 
If %(s) has a Poisson distribution with parameter A (s) =E%(s) = Dx (s) 
P (% (3) = h) = Pry (4) <2 Oem, 


then W(t) also has a Poisson distribution 


P (u(t) = m) = Paw (m) 
with the parameter 


A(t) = Ey () = = 3 Bx ( [1 — F, (¢—s)], (7) 


in which it is easy to verify by a Subatiention of the appropriate values of the generating 
function in this case g(x) = e(*—)") into Eq. (4). 

If in this case the number of storage locations of the control device is finite, M=const 
>> A(”), then as can be shown L(t) has a Poisson distribution averaged over M to 


a0 ip, 0 A’ when OS m<M, (8) 


P (vp (2) = m) = Paw, mu (Mm) = fol 
Q when m >> M. 


Eq. (8) indicates that the Erlang formula [5] holds both in a discrete nonstationary 
Poisson flow and in an arbitrary distribution of the time of service; the probability of reload- 
ing the storage corresponds to the probability of refusal [5,6,11]. 

2. In practice the case of greatest interest is the homogeneous one in which the distri- 
butions %(s) =% and V(s) =V do not depend on time. 

In this case Eq. (5), (6) and (7) are markedly simplified. We have 


t 


Ew (i) = Ex >) = F(s)l <= Ex Ev, (9) 
© Stat 
since >) (1 — F (s)] = Ev, 
s=h 
and ' 
Dy (t) = Ep (t) + (Dx — Ex) ¥ 14 — F (8) 2? < Ep (f) + | Dx — Ex| Ev, (40) 


St 


since >) [f — F(s)PF< > 1 — F ()] < Ev. 
s=h sah 


In the case of a homogeneous Poisson flow w(t) has a Poisson distribution with the 


parameter COOL ea i en HON rn) 14 — F (s)l < A (cc) = Exky. (11) 


s=h 
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Often in practice A(t) is rather large (A(t) > 100) and then in the case of a Poisson distribution 
changes to a normal distribution (with an average A(t) and standard deviation v A(t) ) close to 
a 6 -distribution. 

Under these circumstances, when A(t) < A(t) + uv A(t) < M = const, the difference between 
the cases m = const and M= ~ has no practical meaning, and the probability of reloading the 
storage equal to a \¢ ® relative to a small diminution A(t) =M - uv¥M in comparison 

2m J 
with M can be made conveniently close to zero at u > 3. 

When A(t) < 100 the probability of reloading the storage can be evaluated on the basis of 
tables given in [11]. 

If we carry out a discrete analysis of N > M elements of phase space with probabilities 
of pg and pp of the appearance of pulses in the signal and noise elements respectively, % has 
a Poisson distribution with parameter 


A= Ex = N [0 p, + (1 — 9) py), 


where @ and 1 - 8 denote the fractions of the signal and noise elements in phase space. 

3. Let us consider the case of large A(t) when the 6 -distribution u(t) is defined by a 
single parameter A(t). In this case A(t) can be expressed in compact form. Indeed, let us 
introduce the time scale tf =t/EV, S =s/EV and designate [see (11)] 

tky 


A(tE { = 2 
HO oy = 2 (1 — F(s Ev)| <1. (12) 


Then, using Eq. (12) and assuming F(SEV) = W(s), we will have at t = const and EV> = 
7 
a@=\tt —W (s)) ds <1. (13) 


0 


Let us consider the special cases of Eq. (13). 
a) Case of a constant time of service (Neyman-Pearson test). Here 


Fy | cOlwhen) O><ereony, 
Ye) =| 4 when s > 1, a 
Substituting into (13), we will have 
a (2) ay t when 0 Ct <1, 
{ 1lwhen ¢ > 1. 
b) Case of an exponential time of service, characteristic for telephone applications. In 

this case 

W (s) = 1 — es (15) 
and substituting (15) into (13), we will have 

a() =4 ee 


c) Wald distribution [7] of the time of service 


where 


C = (Ev)2/Dyv (17) 
(see Appendix 2), and 


a() = ac) =i 11 — We @)-+ 1 — We (Ad. Ue) 


Eq. (18) is obtained by integration by parts of Eq.. (13) with the use of the identity 


es yy 
\ We (2) dx =z \ Wo (a) de. 


0 0 
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Family of normalized curves a,(t) for different 
values of C = (EV)*/Dv: 

I1—C =3.0; 2—C =2.0; 3—C =1.0; 4—C 
5—C = 0.4; 6—C = 0.3; 7—C = 0.2; 8—C 


4 6 CRO Bo EDA 2G ee 
t=t/Ev 


Distribution (16) was obtained by Wald [7] for the case of a choice between hypotheses 
concerning the magnitude of the average value of the normal distribution. One may show, 
however, that it has a general character (see Appendix 2) for the case of a selection between 
two similar hypotheses (detection of a signal with a small signal-to-noise ratio) in the case 
of asymmetrical thresholds. These facts justify the tabulation of W,(s) and the numerical 
calculation of ag(t). 

The family of normalized curves a,(t), calculated from tables of the functions We(Ss) at 
different C = 0.1; 0.2; 0.3; 0.4; 0.5; 1.0; 2.0 and 3.0 are given in the figure. But the aver- 
age number of occupied storage locations at moment t is calculated according to the formula 


Ep (t) = ExEva, (t/ Ev), (19) 


where C is determined from Eq. (17). 
Comparison of curves ac(t) with analogous curves calculated by means of a calculating 
machine from the system of finite-difference equations [1], points to good agreement (see [10]). 
4. In conclusion let us consider the case of a continuous observation of a flow of calls, 


when h-0 and the flow is ordinary [5], i.e., 
L(G) = i) = WG) hb “= OW), 
P 0(s) > 1) =o th), 


whence, 
P (x (s) = 0) = 1 —A(s)h+ 0 (h), 


gs (z) = e(X—-1)As)h-fo(h) 


In this case the generating function u(t), where t = jh = const (j =t/h ~~), as it is easy to 
show has the form 


G, (Go) == Ini Cr, (a) = Ax=DA(H (20) 
where au 
t 
AW) = \a (s) [1 -- F, (¢ — s)] ds, an 


i.e., M(t) is a Poisson distribution with parameter A(t). 

From Eq. (21) there follow results obtained for Fg(t) = F(t) =1 - et ((5], p. 78) and 
A(s) =A, F(t) = F(t) ([5], p. 80). For the finite number M > A(t) the storage locations M(t) 
is a Poisson distribution with a parameter A(t), averaged over M. In this case when t>®, 
A(s) =A and F,(t) = F(t), when A (#) = EX EV we obtain the result [6]. 
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APPENDIX I 


Derivation of the fundamental expression for the generating function Gy(X). 


Let us fix the factor S = (s}, Sz, .--, Sy) of the moments when at least one call appears 
(0<r<n=t/h). It is easy to see that the random function U,(t), denoting the number of 
occupied storage locations at the instant t, for a fixed S has the form 


«(S8) 


Lg (t) = Ss >) Ep (Ss ‘), (1) 
s€S k.==1 


where €j.. (s,t) is a random function determined by the kg-th call which entered at the instant 
sll <k, <¢ %(s)], which takes tha value zero, if the k,-th call is serviced at the moment t, and 


the value unity otherwise. 
In other words, the random function 


f 0 1 

Pp (Ss Y= Ves) meee) 

is a generating function 7 
hy, 1 (@) =F, (¢— s) Ff =F, 0 —39)) me eS aa 


For fixed s and t and different kg€ k.(s,t) are independent, of the same distributions of 
random variables which also do not depend on %(s). Therefore, for the inner sum of (1) one 
may use the iteration property of the corresponding generating functions during the formation 
of a complex distribution [9]. For the outer sum of (1) can be used by the multiplicative prop- 
erty of the generating functions during the formation of composition of the corresponding 
distributions, because %(s) are independent at different s. 

In accordance with the above-mentioned generating function U,(t) has the form 


Gs) =[[%,a+ 1 —#%,(¢ — 9] @ — 1), (11) 
where s6S 
&, (2) = Dy P& (s)) = ok / [1 — PH (3) =O = 
K—t 
= [g, (x) — P(x (s) = 0)] / [1 — P (x (s) = 0)] (III) 


is the generating function of the distribution %(s) under the condition that %(s) > 0. 
It is easy to show that the generating function w(t) has the representation 


G@) = >) [JU—P@ @ =o) [JP @ =9 G,, @, (Vv) 

SER» séS 8ES 
where the summation is carried out over S, ranging over all the possible 2" sets {s,, s2,... 
vee apy =n: and S designates the complement of S to Ry- Substituting the explicit expres- 
sion Gt s(x) (1) in Eq. (IV), after simple transformations taking into consideration (II) we 
obtain finally 

: 
G, @) =|] g 4+ U—F,¢@—95)) @ — 1. 


s=h 


APPENDIX II 


Proof of the generality of the distribution W.(x) for the case of alternative hypotheses. 


Suppose we are required to make a choice between the two hypotheses Hp (a= ao) and H, 
(a = a1 > ao)0 value of the parameter of a one-parameter family of probability densities f, (x) 
of the random variable € with probability errors of the first and second kind in @ and B — 
spectively. With the use of sequential analysis for the solution of the stated problem, the 
number oS tests V belore making the final decision is found to be a random variable. “Tf 
fa(X) = ox exp | y (@ |, V/EV has the distribution (16) (see [7]). Let us consider the 


of alternative hypotheses, when A, =a; -ay~/Al=la- ao | > 0, under the condition of a 
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greater order of smallness of @ than B(@ = 0(8), B-0). Suppose at all values of x at which 
the random variable is defined, in the neighborhood of the values a = ap anda = a, f,(x) > € 
> 0, f,(x) and its partial derivatives with respect to a up to the third order inclusively are 
continuous, and [In fa(x)]k (k = 1,2,3) with its derivatives with respect to a up to the third 
order inclusively are uniformly integrable over all x. 

Then, using the Taylor formula, one may show that 


aa ( A 
Et = ay fa (#) In (fg, (2) / fq, (@)) de = da Ge —0,5) Je (av) + O (A%), S 


Dab = A? Je (ao) + O (A), (VI) 
E,|C—Egb |® = A87s (ao) + O (A4), 
(VIED 
where f 
6 =In Gin (§) / ihe. (§)); 


hk 


© | alnf, (2) 
J (ae) = \ | i) 


CO 


Pa oe a 


using also the results of [7] and [8], (V) and (VI), we will have, respectively, 


4 

In B + 0 (a) In a7 + 0 (a) 

eae em Ga ' (VIII) 
SG Ree J2 (a) 
4 
. Ds is, In=F +O (2) 
= TEE LG es Gaus ee (1x) 
ty ATE a at 2 \40 


under the assumption A< 0.5 A). 
Using the Chebyshev inequality and Eqs. (VIII) and (X), we easily obtain an estimate of 
the probability 


Sete a 

plv=0(4; In=-)|>1—0(5). (X) 
Let us now proceed directly to a proof of the generality of distribution (16) for the case 

of alternative hypotheses. A sequential procedure of selection between the hypotheses Ho 


(a = ao) and H; (a = a; > ao) is based on a dual-threshold analysis of the coefficient of likeli- 
hood 


ly = >| (oe (XI) 


i=1 


where ¢; = In (fg (x;)/ fa) (x;)) is a function of the i-th selective value of x;. 
Let us introduce new variables 


8) 


t; = y Ci. 
iss (j—1)41 
Then (XI) can be written in the form 


Lie ate Dy sce (XI) 


j=1 i=sv+1 


where V = [V/s] is the integral part of the number v/s. Suppose the rate of growth of 
s=0 la2V In Dae where 7(0 <7 < 1) is arbitrarily small. Then the Lyapunov relation 
[See (VI) and (VID) ] has the form 


3 3 6 = 
Vig | VEER ~ Vive | Vi@V * =, 


y : : reel 
which ensures the asymptotic normality of ¢ jc At the same time, if v = 0 (A; "Tn z)rone may 
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show that when A,~ 0 the distribution of /2 is determined only by the first random sum rela- 
tion (XII). Let us now define the sequential procedure of selection between the two hypotheses 


of a normally distributed random variable €*, having the probability density 


. 4 [ At . 
ft» (x) = ——— ex =(x—a | 
a Vas p 62 


with a certain variance 0? = Af/sD,¢. a 
It is easy to show that the corresponding elementary logarithm of the coefficient of like- 
lihood has the form 


. ° . * » Ay ° ao + ay 
C= In (50) ee) = ge (8 — *S) 


and it is again normalized by (sE,¢, sD,¢). 

Thus, the random variables € and €* are asymptotically and identically normally distribut- 
ed. Hence, we clearly find the same asymptotic distribution of the number V and U* of tests 
for the termination of both procedures. But according to [7] V* has the distribution (16). 
From this it follows that v also has the same distribution. We note that our assertion was 


made under the assumption that v = 0 (a+ In 3): Thus it holds good only with a probability (&), 


close to unity. If A>0.5 4), by exchanging @ and f in all the preceding discussions, we 
reach an analogous conclusion. 
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MODEL OF THE MEMORY LOADING 
OF A CONTROL DEVICE BY THE METHOD 
OF SELF-ANALYSIS 


V. A. Zyanitskiy 


A direct method is presented for the sequential analysis of the memory loading of an 
electronic computer (EC) contained in a control device—the method of self-analysis—for 
binary quantization of data fed to the input of this device. 

We give an algorithmic description of the method, a block diagram of the algorithm (the 
operating technique can be used in any EC). We introduce the programming parameters with 
which the calculation was carried out. 

One of the basic parameters restricting the feasibility of pattern recognition by a control 
device is the storage space of an electronic digital computer contained in this device [1, 2]. 

In [1] a calculation is given of the memory for the stationary case, and in [2] for the 
nonstationary. In [3] a system of finite-difference equations is given for calculation of the 
average number of occupied storage locations of a computer in the nonstationary case for 
binary quantization (the equations are solved using the computer). In the present paper we 
propose a direct method of analysis of the loading of the computer memory—a method of self- 
analysis, which can be used in a number of cases not considered in [2,3]; we compare curves 
of the memory load calculated by methods given in [2] and [3], and we also compare the 
curves of [2] with those obtained by the method of self-analysis. 

1. Let us consider a phase space R consisting of a large but finite number of N elements: 
R={r1, f2, -.-, Tj,++-, Py}. In the elements rj on the general noise background of patterns 
the appearance of patterns consisting of separate signals is expected. The signals either re- 
main stationary in time, or move from element to element. When the pattern is recognized 
element by element, in contrast with identification of the pattern as a whole, consideration of 
the geometric configuration of the pattern does not leave any essential meaning for the deter- 
mination of the memory loading; the only essential gs the overal fraction of signal elements 
from R entering into the expected pattern. 

Separation of signal elements from R creates a control device having an electronic com- 
puter with a memory space of M locations. The case when M< N is interesting. 

When we speak of a call on element rj, we understand by that the appearance of a signal 
in the r;-th element of the phase space (in the case of binary quantization, this means the 
heightening of the intensity of a certain threshold in the element). 

Let us consider the operation of the control device. It repeats many times the scanning 
of elements rj (i=1, 2, ..., N)* and determines a fixed relation between an incoming call 
and a free cell in the memory of the computer (for brevity we shall call it simply a cell). At 
the same time a fixed number f; —the initial characteristic of the element—is transported to 
the cell. In the course of time, data accumulates at the cell, giving a flow characteristic of 
element f from R. As soon as the control device determines the noise or signal character of 
the f-element, the memory cell corresponding to this element is cleared and can be used 
below. Our problem is to make a calculation of the memory loading of the electronic compu- 
er. 

2. Let us consider the case of sequential analysis of data in the case of binary quantiza- 
tion. This corresponds to the following algorithm [3], equivalent to an algorithm of sequen- 
tial analysis. 

After each call from a given element (with an intensity exceeding the first threshold X;) 
at the corresponding storage locations, there is accumulated the random number f = fy 
("weight according to the terminology of [3]): 


* The period of single examination is used as a unit of discrete time. 
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ip=h+ > (el —&)], (1) 


where &; is a random variable taking the value one or zero, respectively, when the intensity 
of the second threshold Xz is exceeded or not exceeded during the i-th examination of the in- 
dicated cell of phase space R (the value / cm in (9), f; > 0 cm in (8)). The cell is cleared if 
the noise (f£<0) or signal (f>f,) character of the cell, where fy cm in (7). When 0<f<f, the 
test is continued, i.e., at a subsequent instant we change f according to Eq. (1) and apply anew 
our test. 

3. Let us proceed to a description of the direct mechanical realization of the algorithm 
[2], with which the computer analyzes its own memory (self-analysis). 

3-1. Solving the problem concerning loading of the memory of an electronic computer, 
we must determine the number of cells containing the number 0<f<f,, where f is the flow 
characteristic of the element registered in the computer memory. 

3-2. Thus, it is immaterial to us how the actual relation between the element and cell 
which stores f is realized. 

3-3. Section 3-2 enables us to reject the requirement of a rigid relation between the 
element and the corresponding fixed cell (see para. 1) and allows us to hypothesize the exist- 
ence of, on the contrary, a rather flexible relation (see 3-6 and 3-6-2). 

3-4. For realization, of 3-1 under the assumptions of 3-3, let us require that all the 
computer cells, where the numbers f are stored, be positioned one after the other, without 
a lapse. 

3-5. We also assume that all the "births" of calls will have manifested themselves by 
the end of the examination. 

Suppose y* [(t-1)] cells remain in the computer memory with the numbers f at the end 
of the (t-1)-th examination, and let x(t- 1) new calls enter the control device. Then we send 
each of the x[(t-1)] numbers f; to cells with the numbers 


aw (@— D141, wile Sd) o Ae eS Dee ae 


Well before the beginning of the t-th examination, the following u(t) cells were occupied by 
numbers f: 


w(t) = p* [(¢ — 4)] + x [¢ — 4)], 
uw (0), f =f, (¢ — 4), 

where j is the number of cells containing f; <j>is the number existing in the cell j (% (t)in the 
general case is subject to the Poisson law [2]). 

3-6. Suppose the i-th examination of phase space R be made, i.e., in accordance with 
Eq. (1) we develop the flow characteristics f, which are stored in the computer memory. 

As a result of the process of <j> = fj (t-1), we obtain <j> =fj(t). We assume that, ata 
given stage of the process, d numbers of f exist (dis the number of the cell storing f): 

w(t) <d <p (d) (3) 


(2) 


Let us show how requirement 3-4 is realized depending on the obtained value of <j> = fj(t) 
(3-6-2: j<d). 


3-6-1. If fj(t) <0or fj(t)> fa, we send into the j cell the number fg(t -1)*, i.e. 


> 


again we apply formula (1) to <j> = fg(t-1). 

3-6-2. If 0<fj(t) <fa, we pass on to the processing of quantity <j+1> =f.,;(t-1). 

3-7. Ifd =j, then after processing <d> according to Eq. (1) the processing is concluded 
and y*(t) equals 
yd 0< fa) <fas 


HS Nod Are eat) te . 


3-8. Figure 1 gives a block diagram of a program used to realize a miniature-scale 
operation. A program interpreting the method of self-analysis requires 50 cells for a com- 
mand; 5 more cells are occupied by a constant and 6 cells are auxiliaries (one for the address 


* The number of cells with the number 0<f <f, is decreased in this way to unity. 
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Figure 1. Block diagram of the program, by means of 
miniature-scale operation was realized. 
1 - clearing of memory, construction of the program from 
data r; 2 - formation of dispatch commands of r numbers 
f,;; 3 - fixing of a given length of a block L; 4 - calculation 
of the total number of examined cells; 5 - remembering of 
commands and clearing of the flow computer series; 6 - 
€-meter of random numbers distributed according to a uni- 
form law; 7 - comparison with po; 8 - decrease of the flow 
weight of f by a unit; 9 - increase of the flow weight of f by 
1; 10 - stop; 11 - fixing of the number of examined series 
of cells where f > 0; 12 - comparison with the threshold 
zero; 12* - comparison with the threshold fas 13 - forma- 
tion of commands to passing to the next cell; 14 - decrease 
of the block length by a unit and dispatch of f of latter to the 
site f< 0; 15 - comparison with w' —the number of nonzero 
elements of the series; 16 - comparison with the constant, 
regulating the printing frequency; 17 - control of printing 
frequency and printing. 


substitution of a constant and 5 commands for restoration of used commands); as operating 
cells we used the entire remaining operative memory of the electronic-computer cell distri- 
bution in a block program: blockI, 7 cells; block II, 3 cells; blocks III -IV, 8 cells; block 
V, 3 cells; block VI, 9 cells; block VII, 1 cell; block VIII, 2 cells; blockIX, 1 cell; block 
XI, 1 cell; block XII, 1 cell; block XIII, 5 cells; block XIV, 5 cells; block XV, 1 cell; 
block XVI, 1 cell; block XVII, 2 cells. The numbers introduced in the program were in the 
form of binary normalized numbers. Taking into account the design features of the BESM-1, 
we included group operations in the program and the address substitution constants were taken 
from a DZU. 

To obtain the random numbers an algorithm introduced by G. A. Osokov was used. 

It is noteworthy that ~3 min were required to obtain the results by the self-analysis 
method, and ~20 min for identical results according to [3]. 

3-9. The memory load curve M(t) is obtained on a BESM by the method stated in 3-1 to 
3-7. For simplicity we took x(t) =% =E%=const. Having normalized time t and u(t), we 
obtain - 
(=p %O= "ee (5) 


{the value EV is [see (10)] the average shut-down time of f = fv within limits 0<f<f,, and Ex 
is the average number of newly entering calls}. Let us compare the following curve with 


A(t ae het =. a 
ac ( ) G2.) =f iW, 4+ — Vee i) (6) 


(see [2]), where Wc(t) is the Wald function (see Figure 2). It can be seen that satisfactory 
agreement is obtained. This in practice is experimental verification of the theory developed 
in [1,2]. 

oe Let us compare the results obtained by methods [2] and [3]. Designating a - the prob- 
ability of an error of the first kind; B- the probability of an error of the second kind; p, ~ the 
probability of exceeding the first threshold in the signal element; po — the same probability 
in the noise element, one can obtain the parameters [3] when 
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195) 
—In8g 
hi = ’ 
In i Po 
Ps 
In — 
= g 
1 ==DPo 
In eae 
and the parameters [1,2] 
es hh 
Liv = 1 — Py —!py ’ 
C (Ev? fi 
Dy ~~ Ev(t—1)? py (1 — pp) ’ 
E.(co) = ExEv = Np, Ev, 


(8) 


(9) 


(10) 


(11) 


* (42) 


where pn is the probability of a call from the noise element (py «pp, and X;> Xz; itis as- 
sumed that the number of signal elements R is small in comparison with the noise elements. 

By inverse transformations it is easy to obtain @, 8, p; in terms of the parameters [3], 
assigning an additional pop. The random number u(t) of occupied memory cells at a discrete 
moment of time t is represented in [3] in the form 


fA 
wd) = Doe, 
fA 


(13) 


where [/¢(t) is the random number of occupied cells in which Lae tion V Moye normalized average 


values 


crosses (@ 


Figure 3. Curve aq (t) at C = 2.02. The 
points of the curve m(t) are plotted as 
=1 05° 8 =O pon= 10 ae 
Pi = 0.04641589; EV = 105.84155; f; =61; 
1 =41;f, = 427). 


(14) 


Figure 2. Curve aq (t) at C =1.5625. The points of the curve 
ae (t) are plotted as crosses (@ = 0.8995: 10 6. B01 poe 1OLae 
Pi = 0.2825; EV = 100; f; = 20; 2 = 3; f£, =100; x = Ex =9). 


L* 


Figure 3 


of the recurrent system, introduced in [3] on the basis of algorithm A.2, one may give the fol- 
lowing compact form (parameter Q-1, [3]) 


m(t, f) = m*(t, f), 


m(t, fi) = m*(t, fh) + = — pom [(¢ — 1)], 
(15) 


fa 
m(t, fa)= pv Di m=—1, fp, 
f=fa—l 

# ta 
TAO emt), (16) 

f=! 

' wherein 

m* (t, f) = (1 — po) m(t —1, f + 1) + pom (t — 1, f — J, (17) 


'where on the right-hand side m(t-1, x) =O for x <0. A calculation of the curve m(t) was 
|made on the BESM-1; after normalization of time ae = t/Ev it was compared with the corre- 

' sponding curve (6). This comparison showed good agreement (see Figure 3). However, 
repetition of the calculation according to [3] leads to accumulation during the computation of 
errors, which possibly also was manifest in an error in counting the points of the curve 
(Figure 1 in [3]) when p = 1/4, Q = 1/2 (actually the curve lies lower than in [3]). 

In conclusion we mention that miniature-scale operation by the method of self-analysis 
of the memory load does not give rise to difficulties even in the more complicated situation 
|of moving models {see [1], (13) } in which a theoretical calculation of the nonstationary state 
_is analytically exceedingly complex. 

The author expresses his gratitude to. E. E. Fleyshman, under whose guidance this work 
was completed, and to A. E. Basharinov, who took part in discussions of the work. 
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THE THEORY OF OPTIMAL DETECTION 
OF A COMPOUND SIGNAL WITH CORRELATED NOISE 


V.F. Nesteruk 


This article deals with the problem of detecting a signal whose components are a random 
function and a deterministic function on the background of normal correlated noise. An expres- 
sion for the likelihood factor is established. Detection characteristics are considered for a 
number of specific cases. 


INTRODUCTION 


The statistical problem of detecting a useful signal on a background of fluctuation noise is 
formulated as follows: the input signal s(t) arriving at the receiver consists of a useful signal 
M(t) and the noise n(t). Thus, 

s(t) = M(t) + n(t). 
(1) 


It will be assumed known that the noise represents a random function of time with a given 
multidimensional distribution function of the probability density of order H. With regard to the 
function M(t), it is assumed that it depends on a number of known and unknown parameters. 
Let the intervals of the observation time be T. In a time T, the receiver must provide an 
answer as to whether or not there is a useful signal, if the signal at the input is s(t). 


A number of works [1-6] have been devoted to the solution of this problem with different 
conditions placed on the functions M(t) and n(t). According to the general theory, an optimal 
receiver which will provide a maximum probability of detection D for a given probability of 
false alarm F and a given observation time T must be designed in such a way that the likeli- 
hood factor at the output is 


Pu) 
Wor oe P(M,,...,M,)dM,...dMy,, (2) 


where Pjy + n(s) is the probability function of the occurrence of s when a useful signal M(t) and 
noise n(t) arrive at the receiver; Py(s) is the probability function of the occurrence of s when 
only noise n(t) arrive at the receiver; and finally, P(M,..., Mj) is the density function of the 
unknown parameters of the useful signal. 


The probability coefficient 1(s) must be compared with the threshold value lo, Then 


if 1 >1), it follows that s=M+n 
if <1), it follows that s =n (3) 
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In this article, the problem of detection is solved using the following assumptions: n(t) is 
a stationary random Gaussian function, and the useful signal M(t) is compound, * i.e. , 


M (t) = m(t) + p (4), (4) 


where m(t) is a function of time with completely known parameters, and u(t) is a stationary 
random Gaussian function with a given multidimensional distribution function of the proba- 
bility density. Moreover, it is assumed that the random functions n(t) and p(t) are statistically 
independent and that their average values are equal to zero. 
Thus, in terms of the classification given in [3], we are solving a problem of a complex 
¢ detection of a compound signal (4) on the background of correlated noise. 


1. THE PROBABILITY COEFFICIENT 


We shall assume that in the observation time T, H measurements of the instantaneous 
values of the random function s(t) are made at discrete moments of time t, = kAt (k = 
= il 745 2 car delle Vays athe 

Let us define the sampling s(t,) = sx; n(tk) =nk; m(tk) = mM; U(tk) =U_. Considering 
Eq. (4), we can write Eq. (1) for a sampling in the form 


Sp = Mm + My + Yee 5) 


Let us define the correlation functions 
n(jn(¢+)=R(1), pp +1) = PR (1) (6) 
and the corresponding correlation matrices and their inverse 
R°, RY, D = {Rh Dt =] Re. (7) 


Because of the statistical independence of the random functions n(t) and p(t), the correla- 
tion matrix RO+F of the sum n(t) + 4(t) will be equal to the sum of the correlation matrices of 
n(t) and w(t), i.e., 


es n 
DS les 2 ue (8) 


To compute /(s), let us substitute into Eq. (2)'the explicit expresssion for all the func- 
tions under the integral 


H 
1 4 

Pun (s) H 1 exp Pie 2 

vip) Hes 


(2m)? Det [R"]? 
Pe, (s) = IB pts (s) when M = 0, 


RS Aes M,)| ; 
(8) 


1 


1 
P (ui, .. «, Pa) = i exp { 5 Disnna} 
= 


(2x) 


1 
Det [R“]? 


As a result of this substitution and some transformations, Eq. (2) becomes 
(10) 
Ll (s) = Ai(s) Az(s — m), 
where 
Boy 


1 i, kK=1 


v 


H 
Ai (s) = exp Dij.s;M~ — 
2 (11) 


*The term "compound signal" has a different meaning in [1]. 
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is the probability coefficient when M(t) equal m(t), i.e., for the case of simple detection on 
the background of correlated noise [3], and 


foe} 


Az (yn) = © : \..-Jexp{ 
(2m) 2 Det [RY] 2 


v 


H H 
1 
Dinix —} Di (DR + Di ua) x 
Zi Plenate — 5 Di (Dik + Dit) wanes (12) 


is the probability coefficient for detection of a signal of random shape, i.e., when M(t) = u(t). 
For our case, 7 =s-m. To compute Eqs. (10), (11) and (12), let us define new variables 


from the rule 


H 
Pk = as bra8a. (13) 


Since the matrices R® and RH, and consequently the matrices D® and DH, are positively de- 
fined, it follows from the theory [7] that there exists anonsingular matrix Dwith elements bie 
such that the following equations are satisfied: ; 


B'DiB = B= 1 fae (14) 
(EOS Ul == Nh, 5 3 an Vez, (15) 


where the numbers u, are roots of the characteristic equation 


Det) =D a0) 


and B* is the transposed matrix of B. 
Using the notation 


DEB BNC) ce: Cy 


and performing the necessary computations, let us find the final expression for the probability 
coefficient 


1 

I(s) = Pestle 
Det [4]? || ¥1—u, 

a=1° 


H (18) 


where 
t=1 fT (19) 


From Eq. (19) for Vq , it follows that Vq does not depend on the in i 
, put signal s(t). From 
Eq. (18) it follows that /(s) increases monotonically with the quantity 


Dea aa, (20) 


where 


(21) 


Eqs. (20) and (21) determine the structure of an optimal receiver for detecting a compound 
signal. It follows.from these equations that the optimal procedure for processing the input 
signal s(t) in the given case consists of both linear and nonlinear operations, the linear opera- 
tions occurring both before detection and after detection. It is known that for optimal detection 
of a signal with a given shape, linear processing alone is sufficient. From Eq. (21), it follows 
that the presence of a determined component (Vq) affects the general scheme of processing by 
introducing the additional linear operation of summing x q With the quantities ugVy before 


| detection. Let us also note that Eqs. (20) and (21) can be transformed, so as to retain only 
terms depending on s; 


a 


, es a URS 
TO) qa (22) 


The first term determines the structure of an optimal receiver in the detection of a single 
signal of random shape. The second, a correlation term, determines the additional linear 
elements of an optimal receiver in detecting a compound signal. 

For the subsequent discussion, it is necessary to study the statistical properties of the 
random quantities Wq and@. 


2. NUMERICAL CHARACTERISTICS OF THE QUANTITIES Wg AND &. 


The random quantities xq are normal because they are formed linearly from the normal 
random quantities sj in Eq. (19). Consequently, the quantities formed from Eqs. (21) are also 
normal. 

1) The numerical characteristics Wq and ¢ in the case where the input signal is 
s(t) =n(t) + m(t) =p(t). 

The average value of Wg is 


Wa =v.V1 4%, (23) 
Let us now find the correlation function of the quantity Wy and¢. 
ee es OS See 
AW,AW, = Ma (24) 
0 for Ba. 


# 


From Eqs. (23) and (24), it directly follows that 


A 
= al AR \ 4 2 

Wil = a a= a tt ue), 

: 2 a=1 Alles (25) 
H 

4 1+u, 

= @—9=2 [+28 5] a 

a=) a 


2) The numerical characteristics W, and in the case where the input signal s(t) = n(t). 
The average value of Wg is 


Mga 


acruet (27) 


VW = 


The correlation function of the quantities Wy and Wg is 


ae 4 
aT ee 
ye od (28) 
0 FOUND I= 1s 
On the basis of (27) and (28), we obtain 
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<a 4 Wa Ye 
a= p= > a= Dilan at: 1+u |: (29) 


H 
qlee ( pat 2 =2 > 4 42 Ug % (30) 
eer Gu, Gu J’ 


From Eqs. (24) and (28), it follows that the random quantities Wg are uncorrelated, and, 
consequently, since they are normal, they are all independent. 


3. CHARACTERISTICS OF DETECTION IN SPECIAL CASES 


According to Eqs. (18), (20) and (21), an optimal receiver can determine the presence or 
absence of the useful signal according to the following scheme: 


if@ > Yo, then, s=Mtn 
if @ <@og, then,.s=n 


where 9 is the threshhold value of ©. 

1. We shall regard H as a large number and use Gauss's law as an approximation with the 
distribution function of © on the basis of Lyapunov's theorem and (20), (24) and (28). The num- 
ber H is determined in works [8] for given values of the probability of detection D, the proba- 
bility of false alarm F, and the quantities aj, ag, 91%, and 99“, when a normal distribution is 
used to approximate the distribution law of © (these distribution laws being necessary to dis- 
tinguish hypotheses). Let us note that a normal distribution is a fairly accurate approximation 
of the true distribution function only in the region of © close to@. This gives rise to diffi- 
culties in computing the probability of false alarm F, which assumes small values (10-6 - 10-4) 
in practice.* At the same time, it can be assumed that H ~ 20 [9]. with an accuracy within 
10% for values of D= 0.9. Considering that the value of the distribution function changes 
slowly in the region of small values of F and confining ourselves to the above-mentioned accu- 
racy, we obtain 


Vine ee (31) 


where a9 and 05 are computed from Eqs. (29) and (30), and 


ht 


fr He mete 
De parser \ en Dat 
V2n J 
DoH 
Gy 


(32) 


where @j and 01 are computed from Eqs. (25) and (26). Eliminating the parameter 0 from 
(31) and (32), we find the characteristic of the detection of a compound signal, this character- 
istic depending on 2 H parameters in the general case, 


LD ID GER Ue etic, WHS Oy oa0y Oh) \o (33) 
In many practical cases, the number of parameters of Equation (33) can be reduced. 


Indeed, if it is assumed that 01“ ~ 09°, there exists a single parameter which plays the role of 
the effective signal-to-noise ratio 


*A considerable amount of attention is devoted to the approximation of actual distribution 
functions by Gauss' law in [5]. 
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_ _{a,—as]? a — as]? 
a 1 = = [ =a (34) 


Oy (ey 


2 
Equation (34) is easily obtained from Eqs. (31) and (32) for oy? ~ oe 


On the basis of Equations (26) and (30), we conclude that the condition a? a O52 implies 
the requirements 


Umine> 1. (35) 


where uyjn is the smallest root of Equation (16). 

To explain the physical meaning of this requirement, let us assume that the matrices R2 
a R# commute, and let Vg" and Vg! be their characteristic numbers (Vg™ > 0, yw > 0). 
| Then 


Cpe A, coon /éle (36) 


Let us consider the trace of the matrices R® and RP: 


H H 
Sekt HN 2 in Set HP Dew, 


a=L a=1 


| where N and P are the average power of the noise n(t) and the average power of the signal 
component u(t), respectively. Hence, it follows that 


pay (37) 


_ Equations (37) show that the average power of the noise and the average power of the random 
_ component of the signal are sums of the "partial powers" belonging to one ''degree of freedom". 
Equation (36) gives the ratio of the partial powers of the noise to the partial powers of the 
components of the useful signal p(t). Thus, the assumption of the condition 01“ ~ 09% means 
that we are considering the case where any of the partial signal-to-noise ratios is much 
smaller than unity, i.e., on the basis of (37), the ratio P/N « 1 (the threshhold signal). In 
practice the above conditions are realized, when, for instance, an object is detected in the 
presence of random reflections from a "cloud of reflectors" [5]. The small volume of the 
cloud of reflectors is absorbed by the object, and the reflections which take place during this 
process must be related to the useful signal rather than to the noise. Since the volume of the 
part of the cloud of reflectors producing the useful signal is small relative to the volume pro- 
ducing the noise, it is natural to assume that P/N < 1. 

We emphasize that all we have said holds only for the p(t) component of the useful signal. 


No restrictions are placed on the signal com onent, m(t). 


Substituting the values of a,, ag and 04“ ~ 09% into (34), and considering (35), we can 
simplify Equation (34): d=r+p, 
fee = 
ras > 53) P= > Dixmymy. (38) 
a=1 Ya i, k=1 


We note that the quantity r depends only on the properties of the random functions p(t) and 
n(t), while the quantity p depends wholly on the properties of the random function n(t) and the 
deterministic function m(t). 

If the deterministic part of the useful signal predominates, i.e., M(t) ~ m(t), then 
obviously, r «<p and from Eq. (38) it follows that d=p. The quantity p was defined in article 
[3] and is called the generalized signal-to-noise ratio in simple detection. * 


*In article [3], the quantity p is denoted by the letter p. 
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If the random component of the useful signal predominates, i.e., M(t) ~ p(t) and r > p, 
we will have 


Ey (39) 


Thus, the quantity r can be called the "effective signal-to-noise ratio" in the detection of 
a random signal on a background of correlated noise. 

Equation (38) shows that, under the assumption of the above conditions, effective signal- 
to-noise ratios of the components of the useful signal can be added. 

2. Within the framework of the practical examples described above, it is natural to regard 
the energy spectra of the random functions p(t) and n(t) as similar to one another: 


G* () = 7G" (o), (40) 


where y = 0. 
The assumption of this condition is based on the fact that the nature of the random function 


u(t) and n(t) is identical, i.e., they are produced by different parts of the same cloud of 
reflection. 

When condition (4) is satisfied, the matrices R” and RH commute, and it is easily shown 
that as a result, we have 


rl i Sie 
ee (41) 


1 “iy 


On the basis of Eqs. (24) and (28), we conclude that the dispersion of the random quantities 
W,, will be identical for a =1, 2,..., H. This makes it possible to abandon a normal approx- 
imation of the distribution function of ©. To find the probabilities of D and F we shall use the 
function ») = 1/2 as an adequate approximation. The distribution function of » is given in 
work [10]. On the basis of [10] in Eq. (41), we have 


HH Z(1+7) 


Re erga 
ens |e | onze 
i a if \2 Be &% Tn, | =v 2 |az, (42) 


2 


(43) 


where Wg is the threshhold value of {, In(Z) is a modified Bessel function of order n, and the 
quantity A is 


HT a 
A=( Wi). (44) 


4 =(~E%]’, 4.=[725] (45) 


It is easily seen that the detection characteristic for this case will have three parameters 


Ly SKE Gp ail), (26) 


If there is no deterministic component of the useful signal, the probabilities D and F are 
computed from the distribution of x2 with H degrees of freedom. 
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CONCLUSION 


The theory of optimal detection of a compound signal in the presence of correlated noise 


is considered. The components of the compound signal can be represented separately by sig- 
nals having maximum and minimum probabilities of correct detection [4]. In special cases, 
the equations giving the probability of correct detection, the probability of false alarm and the 
effective signal-to-noise ratio are found. Equation (10) is still correct when it is assumed that 
the function m(t) has unknown parameters. Thus it is possible to generalize Eq. (18) without 
any special difficulty to cases in which the initial phase of m(t) is unknown or in which one of 
the samplings my (k= 1, 2, 3...H) is random. 


The author uses this opportunity to thank N.N. Porfir'yeva and V.A. Sokolova for their 


help. 
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OPTIMAL RECEPTION OF A NARROWBAND SIGNAL 
OF UNKNOWN FREQUENCY 
ON A BACKGROUND OF NOISE 


R.L. Stratonovich 


The a posteriori probability distribution function for the frequency of a narrowband signal 
distorted by noise is found. A differential equation for the optimal nonlinear filter discrimi- 
nation is found and a tracking system providing optimal processing of the received signal is 
proposed. 


INTRODUCTION 


Narrowband signals of the form s(t) = A cos (wt + ©) are used very frequently in radio 
engineering. The useful information in these signals is contained in the values of the ampli- 
tude A, the phase © or the frequency w. When the observer receives a total signal r(t) = 
= s(t) + n(t), distorted by noise n(t), the problem of optimal separation of the useful signal 
s(t) arises. Here, a large number of different special cases is possible, since the signal 
parameters can be unknown or partly known and constant or unconstant, while the noise can 
be Gaussian or non-Gaussian and white or correlated. In some of the most simple cases, the 
problem of optimal filter discrimination is solved by the use of well-known, so-called 
"classical" methods. When the frequency w is known and the ''Cartesian coordinates" 

x =Acos © andy = -A sin © represent Gaussian random quantities or processes in the pres- 
ence of Gaussian noise, the Wiener-Kolmogorov theory of linear discrimination is sufficient. 
However, it is sufficient to assume that the amplitude A is also known a priori, i.e., that it 
has a delta-type distribution function rather than a Rayleigh distribution function for the linear 
theory to be insufficient. The equations for nonlinear filter discrimination corresponding to 
this special case are considered in [1]. In the general case where all three parameters, AQ, 
and w of the useful signal present an interest to the observer and must be determined, the 
problem can be solved by obtaining analogs of the system of equations for optimal nonlinear 
filter discrimination described in [1, 2]. 

In this article, we shall consider the case where the observer is chiefly interested in the 
frequency of the useful signal. Of course, in this case as well it is possible to obtain analogs 
of the system of equations for all three parameters at once, and then to use only the value of 
the frequency. However, the optimal system in this case will be fairly complicated. There- 
fore, we shall indicate another way of solving the problem, subjecting the theory of [1] to modi- 
fications which are convenient for the special case. * 


*In article [5] which was published after this article had been typeset, it is assumed that 
the rate of change of the frequency is constant. Thus, the case of variable frequency reduces 
to the case of constant parameters considered in [2]. 
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To separate a narrowband signal with an unknown frequency from noise, reception with 
synchronization is sometimes used. The received signal is fed to an oscillator operating in a 
locking regime, as a result of which the frequency of the oscillator is approximately the same 
as the frequency of the useful signal. However, this method of receiving is not optimal. This 
follows from the mere fact that the parameters of the system (the oscillator) are taken to be 
independent of the intensity of the noise and the velocity of the a priori changes in frequency. 

In this article, optimal receiving systems designed according to a different principle are 
proposed, namely according to the principle of tracking of the most probable value of the fre- 
quency. For this tracking, a frequency discriminator controlled by back coupling can be used. 
The optimal back coupling can be computed theoretically from the equation for optimal filtered 
discrimination. It is variable in accordance with the fact that the significance of the received 
information is not constant in time. The other distinguishing feature of the system is the fact 
that the mismatching A of the natural frequencies of the discriminator circuits is not directly 
related to the time of the a priori variation in frequency and to the attenuation of the circuits. 
The system will operate correctly when the mismatching A is smaller than the difference be- 
tween the estimated frequency and the true frequency. 

The proposed system is characterized by certain difficulties connected with the initial time 
of work, since the initial time of the estimated frequencies may be far from the true frequen- 
cies and at first the system will operate in a nonoptimal regime. We shall not consider these 
difficulties. We shall assume that for the initial detection of the signal and rough estimation 
of its frequency, one of the already known systems is used, for instance, the system of par- 
allel circuits [3]. The system proposed by us is then connected to improve the value of the 


| frequency and to follow its changes. The system will operate in a nonstationary regime. Our 


principle of tracking the frequency is to some extent an echo of the previously expressed idea 
of tracking tuning [4]. However, the resemblance is rather superficial. The system of [4] is 
nonoptimal, since it does not make use of data on the noise intensity and the rate of change of 
the frequency. In the light of our recommendations, the idea of tracking tuning acquired 
fundamentally new significance. 


1. A POSTERIORI PROBABILITY DENSITY FOR THE FREQUENCY 


The problem of filter discrimination of a narrowband signal will be most complicated in 
the case where its frequency will be a priori unknown. In the future we shall confine ourselves 
to this case, assuming in addition that the phase of the signal has a uniform distribution and 
that it does not carry any information, and thus presents no interest. To start with, until 
specially specified, we shall assume that the signal parameters, are constant, having ana 
priori distribution density 


Wye (A, @, ©) = = Wpr (A) wpe (00). (1) 


Suppose that the distorted signal r(t) = s(t) + n(t) during a time signal 0<t<T. After the 
reception the frequency w remains a random quantity described by the a posteriori distribution 
density Wps(w, T), which must be determined. 

If the noise n(t) is a Markov process, it corresponds to a probability functional W[n(t)] 

[2], which will be used to find the a posteriori distribution. Considering the statistical inde- 
pendence between the signal and the noise, we can write the joint distribution of the noise and 
the signal parameters, A, ©, and w in the form 


const Wp,(A, @, w) W In (Z)]. 


Substituting n(t) = r(t)-s(t) into this, we find the a posteriori distribution of the signal parame- 


_ ters from the inverse probability theorem: 


Wps(A, P, w) = Const wpr(A, p, w) W Ir (t) — A cos (wt + g)). (2) 
To obtain the a posteriori distribution of the function, it is still necessary to consider (1) and 


to integrate Eq. (2) over A and ~. Let us consider separate special cases. 
1. Let A, @, and w be constant, and let n(t) be white noise with a correlation function 
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Then 
W [n()] = exp {— c\ n2(t) de}. (3) 
In this case Eq. (2) gives 


T 
2 
Wps (A, P, w) = Const wpr (A, P, w) exp \- a \ cos?(wt + q) dt + 
0 
i 


+ 2—-\ cos (wt + g) r (0) dt}. (4) 
it) 
tf 
Using the narrowband condition, the integral \ cos*(wé + @) dt can be replaced by T/2 for 


o 


WT >1. After this we obtain (4) 


fe RY 


we ee AS (wt +g) 7 (0) ay, (5) 


Wye (W) = Const Wpr (w) < exp {— 


where the skew brackets indicate the average over the a priori distribution of the amplitude 
and the phase. This equation leads to the following results. 

a) When the amplitude A = A is known, only the integral over © remains in (5). This 
integral is expressed in terms of a Bessel function with an imaginary argument I9(z) = Jo(iz), 
according to the well-known formula. Therefore, 


; 6) 
Wps (w) = Const Wp, (w) Jo (2 Ne Ey. (w) ) , 
where 
T T 
Et (w) = (\ cos wtr (2) dt)’ + (\ sin wir (0) at)’ = 
rT d 
= { [cos w (t— t’) r (0 r (e) dtdt’. 


Under the conditions A°T/No > 1, which can be called the conditions for good filter dis- 
crimination, the argument of the Bessel function is considerably greater than unity, and it is 
impossible to use the well-known asymptotic expression for the Bessel function. This gives 


(8) 


b) Let x =A cos @ and y = -A sing be independent random Gaussian quantities with a 
variance 02, This corresponds to a Rayleigh distribution of the amplitude (A2 = 202), Equation 
(5) can be written in the form 


T 
Wps (w) = const wp, (w) < exp \— ai (x? + y?) + iz \ 60s wtr (t) dt + 


0 


+ wf Sip. wtr (t) ath’. 
3 (9) 


944 


If we take the integral 


co 
7 es ' i Er) Te a oT \—'/2 urs? 
7a | a | ost ONG 8 ual da = (a No) ae iy eT 
e° a) 
we obtain 
202E% (w) < 
s Wps (w) = Const wp, (w) exp | arn | (10) 
In the special case where the a priori spread of amplitude is large (027 >> No) we have 
252, (w) 
= ) eee EL ial 
Wps (w) = Const wp, (w) exp | Wor | 2 (11) 


c) These results can be generalized to the case of a correlated Gaussian noise n(t). In 
Appendix 1, it is shown that if the time of observation T is considerably greater than the cor- 
relation time of the noise, T > T oy, the equations retain the same form. The only change 
consists of replacing No by a spectral density 


Se) = 2 \ eiot Cnn.) dl, ae 


which is nonuniform in the range of possible values of the frequency. In particular, Eq. (11) 
becomes 


2E2, (o) 


wos (w) = coust wpe (») exp ES (13) 


2. Let us now consider the case of a priori nonconstant amplitude of phase, or in other 
words the case of variable x = Acos@ andy =A sing. Suppose that the latter quantities 
are independent stationary Gaussian processes wnoge average values are zero and whose 
correlation function is 


(EE, > = CYY~) = ho(t) = PR (tt). (14) 


We note that the correlation function of the useful signal for this case is expressed by the 
equation 
CSS= = (0) ==" Kou) copia (15) 


If n(t) is white noise, we obtain for the a posteriori distribution of the frequency, the 
equation 


i 
Wps (W) = Const Wpr (w) Cexp{— any | (x? + y?) dt =- 


0 


0. 


- T 
= az \ x (t) cos wt r (t) dt + < \y (1) sinwi r (nae, (1¢) 
6 0 


which serves as a generalization of Eq. (9). Here the average is taken over the random func- 


tions x(t) and y(t). 
The computation of the mean in (16) according to the method shown in Appendix 2, leads to 


the result 
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Wps (w) = const Wp, (w) X 


x exp { z i Ax(t, t') cos w (t — t’) r (t) r (U) dt av’} ¢ (17) 


Here, in the case of intervals T considerably larger than the correlation time T, of the fluc- 
tuations in amplitude and phase, kj is determined from the equation 


ae es S 
k(t, t’) = oo \ eto". (w) dw; S1(w) eee once (18) 
ee 2No 


(Sow) =2 \ eiot ko (t) dt). 


ae 
For small intervals T «T7,, the variations of the amplitude and the phase have no effect and 
Eq. (10) can be used. For intermediate values T ~T,, there is a transition from 


k, = ( ces = a to Eq. (18), k, (t, t') being found as a solution of integral equation XII in 


Appendix 2. In the special case where kg (T) = eed we find, using (18) 


y 4yo% 
Si (wo) = ae 
OF evs 


hi(t) = ofe—“s1*1, 


= 2 21? 
a= Vi se No” 
fo} 


2 — Se 3”, (19) 
1 v1 


3. So far, we have regarded the frequency w as an a priori constant quantity. The 
opposite case, where the frequency is variable, is more difficult to analyze. To avoid com- 
plications connected with accurately accounting for variations in frequency, and yet in order 
to still take into account the finiteness of the time intervals with the duration of the order of 
Tw = 1/8, during which w remains approximately constant, it is necessary to take the integra- 
tion in the previously found equations over the interval T - T,) < t < T rather than over the 
entire integral 0<t<T. The finiteness of T,, can also be taken into account by introducing a 


"cutoff" factor ena) which describes the decrease of the role of the previous values of the 
signal in the determination of the frequency. Then, in all the corresponding equations, it is 
necessary to substitute, in place of Eq. (7) 


Te i 
E> (w) =| ( e-A(T—)-BT—"’) cog w (t — t’) r (t) r (t’) didt’ = X24 Y?2, (20) 


0 0 


where 
Jf 


X = \ e-*t— cos w (T — 2) r (0) dt; 
0 


; (21) 
y= \ e#(T—/) sin w (T — t) r (t) dt. 
0 
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For T > 1/8, the lower limit of integration can be extended to -©. In this case, the following 
equation can be used instead of (11): 


Wps (w) = Const wp (w) Exp [ie 7a ar FX(0)| : (22) 


2. THE EQUATION FOR OPTIMAL FILTER DISCRIMINATION. OPTIMAL SYSTEMS 


1. Our discussion has shown that it is possible to obtain an analytic expression for the 
a posteriori distribution of the parameter with which we are concerned as a result of theoret- 
ical study. This expression is conveniently written in the form 


ed 
Wys(@) = const eee) 


(23) 
and it can be used for the computation and designing of systems with optimal filter discrimina- 
tion. The results already obtained give various examples of equations @(w, T). Thus, if we 
specifically select Eq. (11), we obtain 


2 
® (wo, 7) = In@p;(@) + nor £7 (@)- (24) 


The second term, which depends on the received signal, generally has a much sharper 
maximum than the first term, which corresponds to a priori data. The condition of the form 


A2T/ No > 1 under which this occurs can be called the condition for noise which in relative 
terms is not too large. This condition must be satisfied in cases where filter discrimination 
of good quality and satisfactory work of the entire system are required. When it is satisfied, 
the a priori data do not play an important role and it is not necessary to take them into account. 
Let us note that, when this condition is satisfied, there is no longer any point in an accurate 
selection of the criterion for optimal operations, since different criteria will lead to practically 
the same results. To be specific in our calculations, we shall use the criterion of maximum 
probability. 

After reception of the signal r(t) in the integral 0<t<T, it is necessary to indicate the 
estimated value of the frequency corresponding to the form of the signal r(t). This value of 
the frequency depends on T, and we shall denote it by woT. If we determine this frequency 
from the condition of the extrema of Eq. (23), we have 


AD (@, 1) i) 
dw 


= 0 when w = 0 (7). (25) 
With increasing time T, the value of w9(T) changes, since our a posteriori information is 
changed and improved. An optimal system, which in the last analysis operates according to 


the principle of the tracking system, must follow these changes. Differentiating Eq. (25) with 
respect to T, we obtain the differential equation 


dao (T) AD (Wo (T), T) 
a = oT) d0dT (26) 
where 
Ene @® (wo (T), T) 
CHU ae ee ae, or i (27) 


The quantity a(T) [or a(T)] has a direct physical meaning. It describes the a posteriori 


inacurracy of Mw in the determination of the parameter w(M4w =Va(T)). By differentiating 
(27) with respect to T, it is possible to obtain an equation for a(T): 


dst da 8D (Wo, T) 
ar ( ) dT 0w*0T (28) 
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BD dW 


where the term 37 7: 


has been neglected. 


Equations (26) and (28) represent the equation for optimal filter discrimination in the 
Gaussian approximation. They are derived in [1, 2] by another method. An optimal system 
must be designed in accordance with these equations. The right member of (26) shows that the 
extremum of wg, which gives the maximum of the derivative d¢/wT is followed. The mis- 
match signal in this process is proportional to 026@/dw8T. The corresponding transfer 
constant a(T) depends on time. The exact value of this coefficient and its dependence on r(t) 
do not ‘play a fundamental role in the tracking process. In this respect an optimal system in 
the type we are considering is flexible. It is only important that the following orders of mag- 
nitude be maintained: 

a (7) ~ (Ao)?. (29) 

The lack of sensitivity with respect to a(T) makes it possible to simplify the problem of 
designing optimal systems. Indeed, it is necessary to consider only Eq. (26) rather than both 
Eqs. (26) and (28), since an exact determination of a(T) is not necessary and from average 
values 


t 2D (Wo, T) (30) 


(2) ne dw 


can be taken instead of (27). 
2. Here, €(w, T) should be taken to represent the specific equations obtained in the 
previous section. For example, (24), Eq. (26) has the form 


aE E 
fa ia Fa [4r aT red ¥ (+)}. (31) 


Analysis shows that the first term in this equation is of crucial importance in filter dis- 
crimination. Therefore, we shall consider the problem of obtaining the analog of the optimal 
filter-discrimination equation on the basis of the very simple equation 


d@ 2a 2a OE, 

aT  NoI do (Er oT ) 2) 
where, according to (30) 

NoP 4 a 

rs Se marr 


(33) 


In the case of more complicated expressions of € (w, T) and more complicated filter- 
discrimination equations, the problem is solved in basically the same way, but there may be 
additional complications in the filter-discriminating system. 

Using Eq. (7) and defining 


ip 


if 
X = (cos wT — 0) r (dt, ¥ = (sin w(Z — 0 r (0) dt, (34) 


0 0) 


we have 
Epes Say ee (35) 
Therefore, Eq. (32) becomes 
(36) 
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From (34), it follows that X = X(T) is a solution of the differential equation 


This equation includes the quantities Wg = W0(T) and X(t), which refer to different moments of 
time. Therefore, the process of obtaining the analog of this equation entails additional diffi- 
culties, since a time lag is required. When wo(T) is a relatively slowly changing quantity , 
Eq. (37) can be transformed to 


CLD € (9) i 
Ge ae eo, 


for which an analog is much easier to obtain. The error connected with the substitution is fully 
justified by the simplification of the optimal system. 

To obtain the equation from which the analog will be directly obtained, it is still necessary 
to remove the derivative with respect to wg in (36). This can be done in two different ways. 
The first involves consideration of the two signals X and X A: These are defined by the 
equation 


X + 09 (t) X =r, 
Xn + [a (t) — A}? Xa =r, (39) 


which correspond to a constant separation A. 
Equation (36) becomes for this case 
Fig. 1. Block diagram of a system 


with parallel circuits. ees ASS ix op (40) 
A ie 


The separation A can be taken to be arbitrary and sufficiently small (smaller than the 
attenuation of the circuits and the other constants of the system). 

The system corresponding to Eqs. (39) and (40) can be called a parallel-circuit system. 

A block diagram of the system is given in Fig. 1. The difference of the voltages X -X, 
attained at the output of the two oscillatory circuits which have a mistuning A, is multiplied by 
r(t), amplified, and fed to an integrating unit, which corrects the resonance frequency of the 
circuits through feedback. It is also possible to use heterodyning with control of the frequency 
of the heterodyne. 

There is another version of the parallel-circuit system, in which the frequency of the 
circuits is controlled by the difference of the amplitudes Ep - Ey, of the oscillation X(t) and 
XA (t) at the output of the circuit, rather than by r[X - XA]. In this version of the system, the 
signals X(t) and X, (t) are first detected and then subtracted. The question of the most advan- 
tageous version of the system can be solved experimentally, although in our opinion the first 
version is more flexible, since it is based on the theory given above. * 

The other method of removing the derivative in (36) consists of the following. As can be 
seen from (37), the signal X can be written in operator form as 


ae? et aN 
Saar Pea (41) 
Direct differentiation gives 
ax P (42) 
Boo OGRE aie” 


*The second version corresponds to a filter-discrimination equation of the form 
dwo/dT =ad/dw. 
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If we define 


= Wop as @o 5 4 
= Pee Pa” i 


(36) will become 


® =— 2rrZ, (44) 
and from (43) 
Aa w2Z = woX, 
X 4 o&X]=r. Ga) 


The block diagram of the system which is the analog of these equations is shown in Fig. 2. 
It has two oscillating circuits in series, tuned to the same resonance frequency, which is con- 


trolled by feedback. 


Fig. 2. Block diagram of the 
series-circuit system. 


3. In the case of absolutely constant parameters, A, © and w, the oscillatory circuits in 
the optimal system must have a small (theoretically zero) attenuation. In practice, this means 
that the attenuation must be smaller than 1/T*. If the nonconstant nature of the parameters is 
taken into account, a finite attenuation is obtained. Let us consider the case of nonconstant 
amplitude and phase for T > T,. If we suppose that k;(T) has the form of (19) in Eq. (17), we 
obtain 


203, 
@ (o, T) = — Er, (46) 


where 


do, # ( oe oR 
Cag d d0dT Er LA 2a? a 002 ) ; (47) 
in which 
aE? as 
or = 2r (T)\ eT cos w (T — 8) r (d) dt = Br (T) X(T). (48) 


0 


The signal X; which appears here satisfied the equation 


[(p + 71)? + o?] Xi = pr. ) 


*This result is connected with the special properties of the nonstationary regime, 
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; Comparing (49) with (38), we see that, as a consequence of the finiteness of the time of 
variation Tg ~1/y, the selective binomial p2 + wo must be replaced by the trinomial 


p? + 2y;p + wo" corresponding to finite attenuation of the circuit (we assume that Y1 K 9)- 


If the time of variation of the frequency T,, = 1/8 is considered, an analogous result is 


She In this case, Eqs. (34) are replaced by Eqs. (21). From the first of Eqs. (21), we 
obtain 


ge eT 
P+ 2Bp+ oF J OY) 


The function Ey, appearing in the filter-discrimination equation 


doo _ 4, @ a (E>) 
ale = | 00! OF, 
pela et eB 
. cs 4aB No~ da? |? ee) 


is the amplitude of the signal (50). Instead of the equation {(Ep?)/ oT = 2rX it now satisfies 
the equation 
a (E>) 
oT 


= 2 6) 
== 2BE7 + DIX: (52) 


This produces some modifications in the optimal system, although its principle remains the 
same. Thus, defining (Ep )/9w =U, we now have the system of equations 


(p? + 2Bp + w?) X = pr, (p+ 2p) U = — 4rZ, 53 
(p? + 2Bp + w2)Z =, X, poy =ApU, 2) 
for which the analog must be found. 

4. We still have to consider the value of the amplification coefficient a or y, which appears 
in Eqs. (26), (32), (44), and (51) and which corresponds to the amplification unit in Figs. 1 
and 2. ; 

As we have already noted, the fluctuation change of this coefficient is not very important, 
and after the average is taken, Eq. (27) can be replaced by Eq. (30). We shall illustrate the 
method of determining A or @ on the basis of Eqs. (32), (33), (44) and (51). In computing 
the right member of (33), let us fix the true unknown value of the frequency w = w* of the 
signal. Taking the average over the remaining random quantities and considering that the 
fluctuations of the noise of the signal are independent, we obtain 


=yenhare —o')T 4 
Ey => A ee ESN T (54) 
and consequently 
N . ’ d* 1 —cosz 
S(O OR) ie at st . (55) 


It it is considered that w - w* is of the same order of magnitude as the error 4w [connec- 
ted with a by Eq. (29)] in the determination of the frequency, we obtain aT2 ~ [(w-w*)T]2. 
Moreover, we have already given and used the condition for good filter discrimination, which 
has the form 

oa <<1 when = <i 


ae (56) 


(the latter form holding for a nonconstant signal frequency). When this condition is satisfied, 
(55) leads to the inequality 
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jo—o'|<1. ee) 


But since f(z) = 1/12-27..., it follows that 


Ae A es a (58) 


If we consider the more general case of nonconstant frequency, it is necessary to turn to 
Eq. (51) and to use Eq. (20). Taking the average of Eq. (51), differentiating with respect to w, 
and using (57), we find 


= =a li — (2 et eee): (59) 


For BT «1, this equation transforms to (58), while for BT > 1 it transforms to the con- 
stant Aw = 282/A2 When the optimal system operates in a stationary regime, (for instance, 
in prolonged reception of a frequency-modulated signal), the amplification coefficient can be 
maintained constant. At the start of the work or in the reception of a pulse-type signal it is 
advisable to use a variable amplification coefficient in accordance with (58) and (59). 

To avoid the necessity of solving for a signal which clearly is a special function of time, 
it is convenient to regulate the amplification by means of the signal which would in any event 
exist in the circuit. For this, it is advisable to use the average value of the square of the 
signal 


JB 
ee a —+\ (T — t)e-#T—0 sin w (T — t)r (t) dt. 
0 


If we compute the average Z2 | taking into account (56) and (57), we obtain 


Z? 1— (1+ BT) ePT]?, 


(60) 


which coincides with (59) in terms of the order of magnitude and the nature of its variation as 
a function of BT. Therefore, it is convenient to set A = (16 Z2)-l. This method of controlling 
the amplification coefficient by the signal Z is noted in Fig. 2 by a dotted line. 

In conclusion, let us note that the system we have described is not fully optimal for two 
reasons; first of all, Eqs. (26) and (29) are approximate, since they are only the first equa- 
tions of a more complicated system. The error arising in this connection is smaller the 
greater the accuracy of the a posteriori estimate of the frequency. The second approximation 
was made in the transition from (37) to (38). As a consequence of these approximations, there 
will be less than optimal performance in the system, especially during the initial moments of 
time when a small amount of a posteriori information is accumulated. Therefore, it is neces- 
sary to make a special examination of the method of putting the given system into operation. 


The author avails himself of this opportunity to thank Yu. B. Kobzarev and A. Ye. Bashar- 
inov, who joined in discussing the work. 


APPENDIX I 


A posteriori probabilities for the case of correlated noise 


Let us consider the case of correlated noise when n(t) is a stationary normal random 
process whose average value is zero and whose correlation function is nnr = k(T). As known, 
the probability function for a process of this type has the form 


Tee 
W Ino) =exp{—L( (nwa, dn avar, 
pai | ' 
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where a is the inverse kernel of k, i.e., 
\e @’, Hk —t) dt =, — 0") O<2, <7). (I) 


We shall restrict ourselves to the cases where the duration of the observation time T is 
considerably greater than the correlation time of the noise Tggr. Asa rule, this condition 
is satisfied in all practical cases. Then, for the vast a of values t' and t (everywhere 
with the exception of the boundary region t' ~Tgor, t ~Teor, T - t! Teor dG Lt atiegis 
the function a (t', t) is a function of the difference between the variables a(t', t) =a (t'-t). This 
function is found from an equation which is analogous to (II): 


(2 (@’ —t) k(t — 2") dt =5 (' — 2"), (dir) 


which, however, is taken over the entire infinite straight line -e<t<%. This last equation 
is solved by a Fourier transformation. For the transforms 


me | e's (x) dt, qv) 
75n (o) = \ Pari (Oy Chi (V) 
we obtain from (III) the equation 
2 
eas (v1) 
Equation (2) becomes in this case 
Wyg (A, P, ©) = const wp, (A, @, @) X 

TT. TT, 
Xx exp {-+\ (se) a, 8 (0 diat’ + \\ s(t’) a(t’, 1) r(t) atat’| (vIn) 

00 00 


But 


Ti T 
\ Sui nan(te, w)idie ={ A cos (wt’ + g) a (t’ — t) dt’, 
0 0 


since a(t', t) =a(t'-t). In addition, as a consequence of the condition T > Teor>. this last 
integral scarcely differs from the corresponding integral with infinite limits of integration, 
which is expressed in terms of the spectrum of (IV) 


loo} 
A \ cos (wt’ + g) a(t! — 1) dt! = cae golti? a (@) + ee OG (6) 
—oo 
(a (@) = a(— )) 


or, on the basis of (VI), in terms of the spectral noise 


A \ cos (wt + q) a(t’ — 2) al’ Caray (t). (VIII) 


Thus, Eq. (VII) is transformed into the form 
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Wye (A, ¢, @) = const wp, (A, Q, W) exp ic 


ee (soroal, (xX) 


S,(@) . 
0 
which is analogous to (4). The only difference is that Ng has been replaced by the spectral 
density S,(w), which is nonuniform in the range of possible values of the frequency. All of the 


previously derived equations (6) - (11) remain correct when the corresponding substitution of 
Sn(w) for Ng is made. 


APPENDIX 2 


A posteriori probability for the case of fluctuating amplitude and phase 


To compute the probability (16), let us find the mean 


m= Cexp ie a a? (t) dt + \ x(t) u (t) au (X) 
0 0 


x0 = We? |) cost) 


and the analogous mean for y(t) and v(t) = 7 r(t) sin wt. Here x(t) and y(t) are Gaussian 


processes (14). In matrix form, (KX) becomes 


M [u] = const | wee (exp [= 1 (ot au i)? + ru Tdz(t). 
0 
Using the well-known general formula, we obtain 


4 = se Net 
M [u] = const ex [= (é eS a : 
Pi>¥% (ho + No u 


Consequently, 


where 


= Meili = 
n= (it tae) = (t+ $2) he (x1) 


is the kernel satisfying the equation (1 + we) ky = Ko, i.e., 
At 
k(t’, t!’) + | ko (i 1) bn tt; P'Yabe= ke = 1) 
; OZ, PSM). 
(XII) 


When the interval 0 < t < T can be replaced by the infinite interval -o < t - « (for T > Tag) 
Eq. (XII) can be solved by the method of the Fourier transformation. Since ko and ky are 


1 il : 
3 Sol); x 51(%) in the spectral representation, we obtain (XI) from (18). 
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THE SPECTRUM OF AN OSCILLATION 
WHOSE FREQUENCY PASSES THROUGH ZERO 


M.1I. Dorman 


The properties of the spectrum of an oscillation whose frequency changes according to a 
linear function are studied. Special attention is devoted to cases where the oscillation fre- 
quency passes through the zero value. On the basis of this spectral approach, the nature of 
the effect of an operation of this type on the selective system is determined. 


A large amount of literature has been devoted to the analysis of a frequency-modulated 
oscillation and its effect on linear systems (the work of I. F. Gonorovskiy, A.A. Kharkevich, 
and others is generally known). 

In different specific problems, the usual initial assumption is that the change of the instan- 
taneous frequency of the oscillation always takes place in an interval at a considerable distance 
from zero.* However, in many cases which are important in practice, in particular in the 
heterodyning of frequency-modulated signals, the oscillation frequency can pass through zero. 
The special nature and a number of characteristic features of processes of this type were 
pointed out in one of the works of I.S. Gonorovskiy [1], and subsequently in article [2]. 

The purpose of the present study is to shed more light on certain properties of frequency- 
modulated signals. 

Let us consider a very simple frequency-modulated oscillation 


(1) 
Oe Uocos| Q (2) dt 


*Variations from this restriction have sometimes led to misunderstanding (see article of 
S.M. Khlytchiyev [4] and the discussion relating to it [5]. 
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with a constant amplitude Ug and an instantaneous frequency Q(t) changing during the interval 
[-T/2, T/2] according to the equation 

Q (t) = Qo + 2Pe (2) 
or according to equation 


Q(t) = Qo + 2B | eI, (3) 


where 29 = const; 8 = Awg/T and Aw, is the variation of the frequency during the time T/2 
(see Fig. 1). 


gQyt) 


Fig. 1. The functions giving the 
frequency variations. 


The voltage u(t) can be obtained as a result of multiplication (heterodyning) of two oscilla- 
tions with subsequent separation of the different components. Let us determine the deformation 
of the oscillation spectrum when the parameters {20 and Awg change for the two types of varia- 


tions of the frequency (2) and (3). 
If Q(t) is given by Eq. (2), then 
u (t) = Uocos (Bi? + Qot -+ Do), (4) 


where ®o is the initial phase of the oscillation at t = 0. 
The spectrum of the oscillation 


as 
2 
G (w) = J \ cos (Bt? + Qot + Do) e-io! dt 
can be expressed in terms of Fresnel integrals 


S (z) = \sin 4 dt u C (2) = \ cos 5 # dt, 
0 0 


namely, 
Glo) = FV wie |e ("Sa ) pee eae! : 
+emle(= - ee Gls ae ap )i+ J+ 
tora [s eed es pune 
where 
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First of all let us consider the case where 


QoS> Avg > 0. 
In this case, for w > 0 


C pela Bog — Ly -- , 

( V 278 V 228 

1 Gat sie Spee 
V 2n8 f V 2x8 ; 


eel 


while for w < 0 


A@g + Qo +} | Ao, — Q)— Jot 

& d i yal d | 

(a Awg— 20—| i : 
V 2x8 


If this is considered, it can be easily shown that the modulus of the spectral density is 


nV? ee. 
|G @|~2Y ZV Cit Si, (6) 
while the phase is 


Ona 2 
S14 Crtg]o— Se ol") 

®—l[el)’ 
Or 8; tg| 0» — Orr a | 


8 (w)~ are tan 


where 


sey Beeb go eae ), 


V 2x8 V 278 
Aogt %— 10] poe ee 
C= C( V 2708 )+e(- V2n8 


Let us note that |G(w)| does not depend on the initial phase of oscillation $9 and that it cannot 
have zero values for finite values of w. 


Gis 


| 
| 
| 
! 
| 
| 
| 
| 
| 

0 

- $2, &, 


Fig. 2. Spectrum of a frequency-modulated oscillation for Awg « &% 9. 
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Because the Fresnel integrals are odd, it is obvious that 


lim |G (w)| = 0. 


|@|>00 


Moreover, for large rates of change of the frequency (A wq/V27B <« 1), the spectral density 
near the zero frequency is extremely small. Let us also note that the function is symmetric 
with respect to the frequency w ={g (see Fig. 2). Indeed, itis easily seen that 


Ce (One augl= BV RV c(sV #) a 5? (dog V Ep 
If Awg > ©, it follows from (5) that (see Fig. 3) 
= 92 +? 

|G (w) = 1% |eos ( Do x) 


Hence, it is seen that as Awg* increases, the envelope becomes increasingly more uniform, 
while the spectral density passes through its minimum (zero) values at the frequency 


(7) 


\ 


ox = VB In Gk + 38) +400] — G2, k = 0, 1,2,.... 


An important property of the spectrum given by (7) is its dependence on the initial phase © at 
all rates of change of frequency. 

Let us return to the initial equations (5) and (6). As QQ decreases, both "humps" of the 
spectral function, which are located in the region of positive and negative frequencies, draw 
closer to one another. For 29g < Awg the instantaneous frequency & (t) passes through the 
zero value, i.e., "zero beats" are formed. When {2(t) = 0, the frequency Q(t) is an odd func- 
tion of time [2], and the spectral density of the zero is 


G (w) = UY = {eos (= — ®,) [c (“sr *) a, (“s—*) ais 


. (a Aog+ o> Sota” | (8) 
sin( = — || s(—22 | s( ae) 
+sin (5 at jo 5) ee 
Obviously, in this case as ire lim G(w) = 0 and 
(ad) —3 © 
|@|+0o 
an [ Ao, \ (/ Aw 
G(0) =U,Y =~ DiC ade ees <)] 
(0) ; 3 | cos 0 Gna | sin O05 | ; (9) 


As the frequency variation Awy increases, the shape of the spectrum G(w) resembles more 
and more the initial oscillation (1). Indeed, if Awg -@ in (7) or (8), it is easily seen that 


Gui ny 2 eos ie 0 ae (10) 


‘a Let us consider an operation spectrum whose frequency is an even function of time. In 
this case 


Uo cos (Bi? = Oot = (Dy), = 
w(t) — 
Uocos (B22+ Qot + bo), OSt< 


*For a constant rate of change of the frequency, this means an increase of the duration of 
the oscillation. 
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Let us also express the spectrum G(w) which we are determining in terms of Fresnel 
integrals: 


Go) = V alert em (ey og + % Ho c(Bee)) | 


V 2np 


oe i (ei =F e—its) [s ( ae eo | S & Ze | 
-: V 2n¢ 
. ; Aa, + YQ» — 
— i (e—it: — eit) | § Ghar 1 {Q9— w\ (11) 
ife eu ( i } S(oae) |} 


Qo+ w)2 -w)2 
where ; = - €g ee and © 9 = - Go - Go . It can be shown that, for 


So=kr, k=0, +1, + 2, ... Eq. (11) is the same as Eq. (5). If 299 « Awg > 0 then 


co) f= == bi V & VG cos? ee Lo | 4 Ss sin? Goer ’ (12) 


and 
Q a 2 
( caano, + scan © 
4B — 
(Qo — w)? OZ Y; 
C, — S»tan@,tan- 7G 
=) (@) a (Do — | =| |)? 
Sstan—— 73 ECs Sais 
Sie 
& 
C2+ aR 
where 


ep eee ay 


V 2x38 V2np 7” 


Without dwelling here on the properties of the spectrum given by (11), let us note only that the 
modulus |G(w)| likewise does not depend on the initial phase of the oscillation g. There is a 
certain interest in the case where 2 ~ 0 and zero beats are formed whose frequency changes 
according to an even function Q(t) [2]. Setting Qo = 0 in (11), we obtain the spectrum of zero 
beats 


co 0B femnse(BSY) rons SSE) 
seen eH) +59] 
+ 2isin Dy Geen is lear ah sin 5 (55) |}. (13) 


which depends on the initial phase ®9. It is easily seen, for instance, that 


G (0) = UY eos woe (Soa). (14) 


For ®0 =k Eq. (14) is the same as Eq. (9), as should have been expected. Finally, let us 
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find the spectral density for Awg 7: 


|G (w) | = UV LY cos? ®y cos? (a) tec e 


aS Vee 2 sin? Dy [cos me Cand L sin ole ae (15) 


It is interesting to note that near the zero frequency 


|G (0)|~ To % |cos cos (= — |, 


while for w -® 


[6 (w) |= To =| 00s (3 —F). 


Consequently, the strong dependence of the spectral density on the initial phase holds in this 
case only at relatively low frequencies. 

Let us determine the properties of the effect of the frequency-modulated oscillation on the 
selective system. Let us assume a frequency characteristic in the form of a rectangle (see 
Fig. 4). 


1 |o — wo] < Aw, Awe >, 


QO outside of this interval, 


K (w) = 


where 2Awg is the passband of the system, and wg is the central frequency of the passband. 


Ki) 
[G(w)] 
uve 
(A) 
0 
Fig. 3. Spectrum of a frequency-modulated Fig. 4. Frequency characteristic of a 
oscillation for Awg -& selective system 


Let us find the energy E given off by the oscillation at the output of the system in the case 
where the frequency variation Awg is fairly large (7). According to Rayleigh's theorem, 


g MFA, 
Te Ms (/ 2 + @® \ 
nie pal see A au 

i B ( cos ( 2B Oy a do. 


eo 
@o— Avr, 


Omitting the computations, we give the final expression for the energy: 


Se nay) aes OF (aloo 
p= V7 {ee cos (st 204] ee ac) 5 (S00) | 
au = ) 


V x8 V x8 


+in( am.) [o(g) —e(azs)yh eo 


From this, it is seen that for a given amplitude at the input, the energy at the output depends 
on the initial phase and on the position of the passband on the frequency axis, as well as on the 


rate of change of the frequency of the oscillation and the passband of the syst i 
case where wg >V7B and Awg «K wo is P ystem. Only in the 
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Aw Us (17) 


i.e. , the energy depends neither on the initial phase, nor on wg. 
Let us consider another limiting case. Let wg ~ 0 (low-frequency filter) and 
Awo/¥TB «1. Then, retaining only the first terms of the Taylor series, we obtain for 


9) O 


. Aegl?  { % 
E~ 3 E - sin( 5" — 20) |. (18) 


In this case, the response energy depends strongly on €9 and Qg, and of course, on ®g and 
Awo/ VTB. 

An examination of the other special cases leads to similar results. 

From the above discussion, it follows that, in a number of cases, to find the response of 
a selective system, it is necessary to take into account not only the shape of the envelope, but 
also the ''fine structure" of the effect and, in particular, the nature of the change of its phase. 
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THE MARKOV NATURE OF THE ENVELOPE 
OF QUASI-HARMONIC OSCILLATIONS 


V.1. Tikhonov 


A differential equation is obtained for the envelope of the quasi -harmonic oscillations at 
the output of an oscillatory circuit with a large Q factor, when wideband noise acts on the input 
of a circuit. From the equation it follows that the envelope represents a Markov process. 

The problem of when the envelope first attains a certain level is solved. 


INTRODUCTION 
Recently several notes [1, 2, 3] have appeared in which various arguments are used to 
substantiate the supposition that the envelope of the quasi -harmonic oscillation which arise at 


the output of an oscillatory circuit with a high Q factor under the action of white noise on the 
circuit is a Markov process. 
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In the basic article [1], it is shown that the envelope of the oscillations at the output of an 
oscillatory circuit is a process without aftereffect, and the multidimensional probability densi- 
ties for the envelope are expressed in terms of the one-dimensional initial distribution and the 
transition probability. Hence, the Markov nature of the envelope follows [4, 5]. 

In a note [2], a method of obtaining the Fokker-Planck equation for the envelope and of 
finding the transition probability is indicated by means of a transformation from Cartesian 
coordinates to polar coordinates. This note also expresses doubts in regard to the possibility 
of practical utilization of the results of [1] and proposes another method for substantiating the 
Markov nature of the envelope. In this connection, there arose a discussion [3] between the 
authors, chiefly of a methodological nature. This discussion left no doubt about the fact that 
the envelope of the oscillations at the output of the circuit is a Markov process. 

Although this can be regarded as an established supposition, the present article is devoted 
to a similar question. The reason for this is that the Markov nature of the envelope can be 
used to solve a number of problems which are of physical and practical interest. For instance, 
for Markov processes, in a number of cases it is possible to solve fully the problem of the 
first moment of passage of the envelope to a definite level. This provides an original method 
for considering the problem of the effect of the envelope of quasi-harmonic oscillations on 
"threshhold devices" (electronic relays, triggers, etc.), [6]. For Markov processes, in 
principle, it is also possible to solve the problem of computing the probability that a random 
process will cross a given level a given number of times during a definite interval of time, 

[7]. This is directly related to the computation of the probability of false alarm in the theory 
of noise immunity. 

In our study, we shall obtain the Fokker-Planck equation for the one-dimensional proba- 
bility density of the envelope by two methods. The first of these methods, which is briefly 
indicated in note [2], consists in making a transformation to polar coordinates of the Fokker- 
Planck equation written in rectangular coordinates of the phase plane. In this way, itis 
immediately possible to obtain the corresponding Fokker-Planck equation for the envelope. 

However, in this article, our basic attention will be devoted to the second method, which 
is more easily interpreted in terms of physics, while possessing the same degree of mathe- 
matical rigor. This method consists of first finding the differential equation for the envelope 
of the quasi-harmonic oscillations in the oscillatory circuit and then forming the Fokker- 
Planck equation for the one-dimensional probability density. 

In this work, we give a steady-state solution of the Fokker-Planck equation, and compute 
the average time for the first passage of the envelope to some fixed value. 

It appears that, apart from the quantitative results, certain aspects of the article may 
present a methodological interest (for instance, the computation of the correlation between the 
random phase and the reacting oscillations). Similar questions are encountered in other prob- 


lems (for instance, in considering the effect of fluctuations on the operation of a self-oscillator) 
[8, 9]. 


1. THE FOKKER-PLANCK EQUATION FOR THE ENVELOPE 
Let a fluctuation current €(t) act on an RLC oscillatory circuit. In our discussion, we 


shall assume that the random function &(t) represents a normal stationary random process 
whose average value is zero and whose correlation function is 


ke (t) = 0? (x), (1) 
where 02 isthevariance. The spectral density of €(t) is regarded as approximately uniform 


within the limits of the amplitude-frequency characteristic of the circuit. Therefore, &(t) can 
be regarded as white noise with a correlation function 


k (t) = Nod (1),  No= | h(n) ar, (2) 


where 6(T) is a delta function. 


For the current 7(t) in the inductive branch of the oscillatory circuit, we have the follow- 
ing differential equation: 
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i Fee ? 2 (3) 
N+ 2an + won = wo (d), 


where 
pe, ots _. k 
Oo = TC’ “24> yin 
(4) 
Let us assume that the oscillatory circuit has a large Q-factor 
oL 
Q=Fr =>. (5) 
In Eq. (3), let us transform the new variable 
X= 1 008 (wot + Go) ——L sin (wot + gy), 
y = NSin (wot + Po) + oy 60s (wot + Po) (6) 
where (9 is the random initial phase, which is statistically independent of &(t) 
The inverse equations have the form 
1 = ZCOS (wot + Po) + y Sin (wot + Qo), 
qh = — wain (wot + Go) + ¥ C08 (wot + Go): (7) 


It follows from Eqs. (6) that the coordinates x and y which describe a point on the phase 
plane must satisfy the following conditions: 


° i . ae 
gam — SETH) (gt alm), y= EH) + inp. 
Using (3) and (7), we obtain 
L = — aL — wpSin (wot + —) E (t) + az cos 2 (wot + go) + ay sin 2 (wot + Go), 
y = — ay + 060s (wot + Go) E(t) + ax sin 2 (wot + Qo) — ay Cos 2 (wot + Go). 


If we consider the selective properties of the circuit (5), and if accordingly we neglect the 
terms containing high-frequency factors (the frequency 2wqg), we can write 


L = — aL — wp Sin (wot + Go) E (2), y= — GY + 09 COS (Wot + Po) & (2). (8) 
In a more general case, these equations can have the following form: 


a=X(ez,y)+t, y=Y¥ (ry) +&(d). (9) 


The corresponding Fokker-Planck equation for them is written as 


aw pra ee ty (dw, @w 10 
a ae AY) ay ( ¥) aN Ge at) a 


Here it is assumed that the random functions &}(t) and €9(t), which have a zero average value, 
can be regarded as a correlated delta function with the same coefficient of intensity N, i.e., if 


ary =e, Ce Ts (En Ont) (11) 
it is possible to write 
(e(e) = ae) = INO G9). 
N= (WR + Dar =\ WE + Dae. 13) 
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Here and in the future, we shall use skew brackets to denote the statistical mean. 
Let us define the potential function U(x, y) by the equation 


CLS oY ee 
Ox oy 

The steady-state solution of the Fokker-Planck equation (10), satisfying the natural 
requirement that the probability density vanishes at infinity, can be written in the following 
form as is easily seen by direct substitution: 


w(a, y) = Cexp (a “ luk (ae. ”)| - (13) 
where C is the normalization constant. 
With regard to our special case (8), we have 
X = — az, Y = — ay; U(a.4) = = (Cee . 
f (2) = = Wy sin (Woe a Po) 3 (t), E> (t) = Wy COS (wot al Po) iS (t), (14) 
w (@, y) = sar exp |— 4 (a? + 9). 
Let us note here that if we change to polar coordinates 
x = Acos@q, y =Asing (15) 
and use the well-known equation 
w (x, y) dx dy = W (A, 9) AdAdg, 
we can obtain the Rayleigh function for the envelope A from Eq. (14) 
- 2a a 
VW A = — — 2 F 
(A) N A exp( a (16) 


Let us find the coefficient of intensity N for the given example. For this, it is necessary 
to consider that both the random functions &)(t) and €9(t) are expressed in terms of the random 
function €(t) and contain a random initial phase @g, which does not depend on &(t). Therefore, 
in considering the statistical characteristics, it is first necessary to take over the set of ob- 
servations of €(t) and then over the random initial phase (0 [10]. To distinguish the second 
average from the first one, we shall indicate it by a subscript ©9. We find 


(Er (1)) = — 0 <sin (omgt + Gp)>e, 6B (0) = 0, 
CE2 (t)> = wo (cos (Wot + @)de, SE (t)> = 0, 


ky (t) = <6 (t) Ey (¢ = TD = ae woke (t) COS WoT, 


2 
Ky (t) = (C82 (1) Ge (t + T)>>e, = 5 otk (T) COS WoT, 
We Fai \ kz (tT) COS wot dt = v8 \ ke (1) cos wot dt = ars (f,), (17) 
a 0 


where S(fg) is the physically measurable spectral density of the fluctuations of &(t) at a fre- 
quency fo. 
For the case (8) with which we are concerned, the Fokker-Planck equation (10) becomes 
Ow - : ual) Ow\ , 1 yn, /d%w Ow 
pr = Dew os SE a ay) ee oe 


(18) 
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Let us change to polar coordinates (15) in this equation. We obtain 


Pies 8 yi N Ow 1 N O07, dw 
PT aL FL acted alae Vie eh ae za(A sa): (19) 


Let us find the Fokker-Planck equation for the probability density of the envelope A. 
Equation (19) must be solved for certain initial values Ag and. The initial phase Y¢ can 
assume any value in the integral -7 < Yo<7. Since the oscillatory circuit has a positive 
region a > 0, it is clear in physical terms thai there must be a steady-state probability density 

‘of the envelope which is independent of the initial values Ag and £o. 

Consequently, for any value of 9, we must obtain the same steady-state distribution for 
the envelope A. Therefore, the steady-state probability density for the envelope should not 
depend on ¢ at all, and in finding the equation for this density, the third term in the right 
member of Eq. (19) can be set equal to zero: 


im j LON 057), On 


Let us note also that, while the function w(x, y) gives the probability density in rectangu- 
lar coordinates, x, y in Eq. (18), in Eq. (20) the function w does not give the probability 
density of the envelope. The function w(x, y) characterizes the probability concentrated in the 
elementary area dxdy in the neighborhood of the point (x, y), while the probability density of 
the envelope W(A) must characterize the probability concentrated in the corresponding ring of 
thickness dA. Therefore, 


W (A) = 2nAw(z, y). (21) 


Transforming from the function w to W in Eq. (20), we obtain the final Fokker-Planck 
equation for the envelope 


ow fa) ( N ie tl WV 
a FA (aa a eto aa (22) 


It is easily seen that the stationary solution of this equation is given by Eq. (16). 

Thus, the envelope of the quasi-harmonic oscillations at the output of an oscillatory 
circuit with a large Q-factor satisfies the Fokker-Planck equation (22), and, consequently, it 
is a Markov process. 


2. THE DIFFERENTIAL EQUATION FOR THE ENVELOPE 


Let us obtain the differential equation for the envelope. Under the assumptions previously 
made with regard to the oscillatory circuit, (a large Q-factor) and the fluctuations €(t), (a uni- 
form spectrum), the fluctuation current 7(t) can be written in the form of a quasi-harmonic 
oscillation 


n () = A (2) cos » (2), (2) = Gor oot + @ (2), (23) 
where the envelope A(t) in the phase Y(t) are random functions of time which are small relative 


to cos wot, and Yo is a random initial phase statistically independent of €(t). Let us further 
define the envelope in the phase by the well-known equation (10) [11] 


n (1) = — 0A (2) sin  (). (24) 


From Eqs. (23) and (24), we obtain the equations for the envelope in the phase: 


i (n° ab a) : : o = y= Woe arc tan a é (25) 


Differentiating these equations, we obtain 
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Qp-F 


A= = (n <5 wat): e= ae: 


o--1 


Using Eq. (3) and Eqs. (23) and (24), we can write 


(1 + en). 


A = — ad (1 — cos 2) — we sin YE (4), | (26) 


@ = —asin 2p — cos YE (2). f 


Let us transform in the usual way from the exact equations (26) to the simplified (approxi- 
mate) equations. For this, when there are random effects, it is necessary to drop only terms 
containing high-frequency factors (the frequency 29) [12]. We obtain 


A = — aA — a, sin ¥ (8) E (0. | ‘ (27) 


@ = — = cos » () & (2). | 
We denote 


(28) 


€ () = — sin ¥ () & (2). 
Let us find the mean value and the correlation function for C(t). In computing these and other 
statistical characteristics of C(t). it should be remembered that the phase O(t) depends statis— 
tically on the random function €(t). This can be seen from the second of Equations (27). In 
the expression for the increment of the phase in some time interval A, there is a random 
function &(t): 


Ag = e() —@e('—A) = —a, \ as Ip, + ms + @ (s)] & (s) ds = 
EA 


E(¢ +2) 


= — \ Asa) cos Ip, > wot = wt + @ (é = z)] dz. (29) 


To compute the above-mentioned characteristics, we shall make use of the initial assump- 
tions. Since, according to the assumptions, the correlation time T,; of the fluctuations €(t) is 
much smaller than the time constant T, ~1/a of the oscillatory circuit (which characterizes 
the rate of change of the envelope A in the phase ©), it is possible to take a time inverval A 
for which the values of the random functions €(t-A) and €(t) will be uncorrelated and during 
which the change of the envelope and the phase wili be insignificant. In other words, let us 
select A > 0 such that the following inequalities will be satisfied simultaneously: 


™h<KA<t. (30) 
At the same time, the equation 
A(é—A)~>A(Q. EU—A)—Q(d. (31) 


will be satisfied approximately, and thus the phase increment A© will be fairly small. 

Let us note that the quantities A(t-4) and ¢(t-A) which are obtained as a result of integra- 
tion with the random functions &(t) with a certain delay, for the "passed" intervals of time are 
statistically independent of the "future" values of €(t). This statement is not correct when the 
random quantities A(t+ 4), © (t+ A) and €(t) are considered. It can be seen on the basis of a 
series RC circuit. If this circuit is acted on by a noise &(t) with a correlation function 


& (t) = Nod (1), 


the correlation function between the voltage 7 (t - A) across the capacitance and the noise &(t) 
will be 
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t—A 
<n (¢ — A) E(t)) = aNyen2 (4) \ eax§ (t — x) dx = 


—oo 


0 MONG aN Ss (0). 


1 
GiVoest for Av () c a 7c) 


If Eqs. (31) are considered, Eq. (29) can be written as 


0 
ar 
Ag=— tp \ cos [@p + wot + o 2 + @ (IE (¢ + 2) de. (32) 
Because of the small magnitude of A®, the random function €(t) can be written in the follow- 


ing form: 


C(t) = —E (4 sin lwot + gq +9 (¢ — A) + Ag] = —E (2) sin [wot +9, + 
+ @(t—A)] —& (2) Ag cos lwt + +9 (¢ —A)]. (33) 


The mean value of this function is 


KE ()> = — KK E(t) Ap cos [wg +p +9 (t — A)]da,- Oe) 


Using Eq. (32), we can write 


0 
CEO) pa 5 ee \ CCE (4) E(t + 2) cos [wt + wx +e, +¢ (1)] cos [wot -- Gy + 
=A 
+@(t—A)]>>,d2 = +4 \ <t () & (¢-- 2) [cos (wv —- Ag) + 


—A 


/ 


Te \ 
+ cos 2 (wo! “> Mf + Po + 4 (0) » ihe = 
aod a7 


0 
= 2 | EME + 2) c08 (oor + AG) Ye, dz = 
=i é 


SS \ {kz (x) COS Ot — ¢<E (t) E(t - 2) AP>>,,} sino, x dz. 
=A 


For normal processes, all the multidimensional moments of odd order are equal to zero, and 
consequently, 


CE (41) & (&) € (4) > = 0. (35) 
Therefore, 
a : 
GE) Sa \ kz (x) cosw,zdz = sd \ kz (tT) coSw yt dt = = S (fiy)- (36) 
iN —oo 


The second equation is written on the basis of the fact that for A > T,, the equation ke (4) =0 
is satisfied, and, consequently, the lower limit of integration can be set equal to -~. 


Let us now find the correlation function of the random process C(t) defined by Eq. (33). 
Let 
C, () = F(t) — <6 (2) >. (37) 


For the correlation function, we can write 
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k(t) =< (QEE+ DY — EO) CED, 
EWEEE OD = KE DECH Dain (og HH FOE A)) x 
K sin (Wot Ota ey a ee IN) Se, 
AERCE (INE (Eat) Ngee + WoT + Py 4 Fetes + ¢ — A)) cos (wgt + Py + 
4+ p(t —A)))ye+ (KE (OE (E+ 0) AQ, Sin (Mgt Tr Po- + @ (t — A)) cos (@pf + yT- 
+ @ Ee (t+ t—A)) >>, + KEE E+ 1) AGA, 608 (9? + Pp + 


+ @(t — A)) cos (wot + ot + G9 + g(t + T—A))>e3 


> O 0 
0) 


CEM >CEC+ D= | | KEMEE + 2) C08 (0g! HO + 
AA 
+ 9 (tA) €08(agt + 098 +o + (0) Pa X 
CK WE OE ( + rt y) cos (wt wot +) +P (t+ 1 —A)) 608 (ot -F wot 
Es oY + Po + @ (E+ T)) 2, Ax dy. 


Of course, we are interested in values of T&T, , where k¢(T) # 0. It can be seen that 
for T > T, all the terms in these equations become zero. However, for small values of 
T(T «< A), we can write 


p(t+t—A)~g(t—A)~ qd). 


The harmonic factors in the equation for <C(t)€(t + T)> can be regarded as independent of the 
pure fluctuation term. This makes it possible to take the average over &(t) and over the ran- 
dom initial phase @g separately. By then using Eq. (32) and (35), we can see that the second 
and third terms in the right member are equal to zero. 


If the necessary computations are performed (we omit them here because of their length), 
the following approximate results can be obtained: 


hy (t) = 


no] 


kz (t) COS WoT. (38) 


Thus, if Eqs. (36) and (37) are taken into account, the simplified equation for the envelope 
(27) can be written in the following final form: 


A=—daA rag te aco): (39) 
where the random function Co(t) has the correlation function (38), and 


c == os Gar (40) 


3. SOLUTION OF THE FOKKER-PLANCK EQUATION 


It is known [13, 14] that when inequality (30) is satisfied, i.e., for Tg > Tx, the random 
process A(t) defined by Eq. (39) can be regarded as a Markov process, and consequently the 


Fokker-Planck equation can be applied to it. With regard to the first-order differential 
equation 


y = F (y, 6 (0) 
the Fokker-Planck equation for the probability density has the form 


W=— 5 (Ky) +X’ @)IW) + 


+ or UK (y) WI. oth 


Here, 
0 0 
: ¢ , 2 ( oF : 
K,(y) =F, >) Key) =2 \ kU, dt, KW) = \ k (Gy Fe)aes 


aes —0oo 
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oF 
and k(F, F7) and k(3— , F7) are the correlation functions of the argument. 


The one-dimensional probability density in a stationary state represents a solution of 
Eq. (41) for W=0. It is easily seen that it is given by the equation 


e (6; tt Kk 


ee the coefficient C is determined from the normalization conditions for the probability 
ensity. 


If we apply these equations to the equation with which we are concerned (39), we find 


Ky, (A) =—ad + 54 eg) == 0, 
Ky(A) = 203 | hy (a) dv = 8 A(x) cosage de = + w95 (f,) =e. () 
F109) 6 
Therefore, on the basis of Eq. (42), we obtain 
, 44 
W (A) = exp ( =), 4>0, So 
where 
4 
= a sere Qw,5 (f,)- (45) 


Thus, the one-dimensional steady-state probability density for the envelope of the quasi- 
harmonic fluctuation formed through the action of wideband noise on a narrowband oscillatory 
circuit is of the Rayleigh form. This result could have been predicted. 

It is known [15] that the two-dimensional probability density for the envelope has the form 


: AA, AA, A*+ A? 

Wel, A) = age a oa) laa | Pe ) 
From the Markov nature of the envelope, it follows that the probability density (44) and (46) 
fully describe the envelope as a steady-state random process, since they define the transition 
probability 


W,(A, A,) AL AAeE NG ) Ap? + A? 
jn(As, 2) = WTA) = @a— ph lo  T—pe} °XP | — 220 |: (47) 


4. THE AVERAGE TIME OF PASSAGE TO THE BOUNDARY 


Suppose that at some initial moment of time tg the envelope A(t) assumes a definite value 
A(to) = Ao lying within the interval (a, b), where a > 0. Let us cohsider the time T = t-tg in 
which the function A(t) will first attain the boundary value a or b. For the two cases, the time 
will be different. 

It is known from [13, 16] that the average time M =<T> which must elapse for either the 
boundary a or the boundary b to be attained is given by the differential equation 


Perf dM 
5 Ke (Ao) 7 + Ki (Ao) Gay =—1 (48) 
with the boundary condition 
M(a)=0, M(b)=0. (49) 


Here Kj(Ag) and K2(Ag) are defined by Eqs. (43), in which A must be replaced by Ag. Substi- 
tuting these values into Eq. (48), we obtain 


a aM 
coe +(—0A,+ 55) gay 1 =O (50) 
0 


Let us find the average time Mp required for the envelope A(t), which has the value Ag at 
to, to attain for the first time the value b > Ag. For this case, the average time for passage 
to the upper boundary is given by the following equation, as can easily be seen by verification: 


a (61) 
M, (Ao) = M4 me dy} e-2() dz, 


where 


mae K, (y) 
gy) = 24 Key) dy. 


Substituting the expressions for K, and Kg from (43) into these equations, and integrating, 
we obtain 


a 2 
b c 
pe d. fl " d 
My (Ay) = \ le 251) eee \ (e? — 1) = 
e AG 
Me ene as eat AS ee es 52) 
= [ei(4.)—ni(2)-2m4], ( 


where 


is an integral exponential function [17]. 

This solution (52) satisfies the condition MA 9 
increases as b increases andas Ag> decreases. T 
of the problem. 

Let us now compute the average time M which is required for the envelope A(t), which has 
the value Ag at to, to attain the value a < Ag for the first time. In this case, the average time 
for passage to the "lower'' boundary will be given by the equation 


(Ag) = Mp(b) = 0, Mp(Ao) > 0 and 
Nene conditions follow from the meaning 


Ay oo 
M, (As) = ( Naa ee (u) dy} e-2 dr. (51a) 


a x 


After performing the computations, we obtain 


52a 
VG) os. Noe 
a a 
It is easily seen that this solution satisfies the fundamental equation (48) and the boundary con- 
tion MA (Ao) = Ma(a) = 0 and Ma(Ag>, and that it increases with increasing Ag and decreas- 
ing a. It can be shown that an equation similar to (48) is correct for the variance of the time 
required for passage to a boundary. 


970 


REFERENCES 


ro 


. J.N. Pierce. A Markoff envelope process, IRE Trans., 1958, IT-4, 4, 163. 
. C.W. Helstrom, C.T. Isley. Two notes on a Markoff envelope process, IRE Trans., 
Se), IRS) ee OLS}e) 
3. J.N. Pierce, C.T. Isley. Further comments on a Markoff envelope process, [RE Trans. , 
1959, IT-5, 4, 186. 
4. B.V. Gnedenko. Course in Probability Theory. GITTL, 1954. 
5. M.C. Wang, G.E. Uhlenbeck. On the theory of the Brownian motion, Rev. of Mod. Phys. 
ILS Ih) PCB}, SS 
6. M.I. Podgoretskiy. The number of false-alarm pulses. Dokl. AN SSSR, 1952. 
7. C.W. Helstrom. The distribution on the number of crossings of gaussian stochastic 
process, IRE Trans. , 1957, IT-3, 4, 232. 
8. S.M. Ritov. Fluctuations in self-oscillatory systems of the Thomson type. Zh. Eksp. 
MeConrets Wize L955, ZN saes04" 
9. G.S. Gorelik and G.A. Yelkin. The transformation of the fluctuations of the amplitude and 
f the phase of self-oscillations by resonance systems. Radiotekhnika i Elektronika, 
MOST 2aale 2:3 
10. V.I. Tikhonov. When a nonsteady-state random process can be replaced by a steady-state 
process. Zhe Tekh Fize. 19565 265 192 12057. 
11. V.I. Tikhonov. A method of determining the envelope of quasi-harmonic fluctuations. 
Radiotekhnika i Elektronika, 1957, 2, 4, 502. 
12. 1.L. Bershteyn. Fluctuations of the amplitude and phase of a skew oscillator. Izvestiya 
AN SSSR, 1950, 14, 2, 145. 
13. L.S. Pontryagin, A.A. Andronov and A.A. Vitt.-The static treatment of dynamic systems. 
From: Collected Works of A.A. Andronov. Izd. AN SSSR, 1956, 142. 
14. P.I. Kuznetsov, R.L. Stratonovich, V.I. Tikhonov. Generalization of the Fokker-Planck 
equation. Zh. Eksp. Teoret. Fiz., 1954, 26, 2, 187. 
15. V.I. Bonimovich. Fluctuation processes in radio-receiving instruments. Izd. Sovetskoye 
: Radio, 1951. 
16. A.J.F. Siegert, On the first passage time probability function, Phys. Rev., 1951, 81, 617. 
17. E. Yanke and F. Emde. Tables of Functions. GTI. 1958. 


iw) 


> 


Submitted October 24, 1960 


# 


THE CHARACTERISTICS 
OF NONLINEAR ELEMENTS OF FREQUENCY DIVIDERS 


I. Kh. Rizvkin 


The conditions for the existence or absence of a subharmonic regime are established with 
regards to the characteristics of a nonlinear element in a frequency divider of sinusoidal 
oscillations. 


INTRODUCTION 
It is interesting to establish the condition which must be satisfied by nonlinear elements in 


an oscillatory circuit for the circuit to definitely function, or on the contrary not function, as 
a frequency divider of sinusoidal oscillations. The effect of the parameters determined by the 


OTA 


line part of the circuit (for instance, the losses and the mistuning) on the conditions for the 
existence of a subharmonic regime has already been fairly well studied. 

The importance of the above conditions from the theoretical point of view are obvious. 
However, it should be noted that the corresponding results may be useful in purely practical 
applications as well. First, these results could be effectively used in producing circuits with 
a synthesized nonlinear element, i.e., with a specially designed element whose characteris- 
tics makes it possible to satisfy certain requirements. For example, one of these require- 
ments could be the condition that a definite division band be attained for a given frequency- 
division coefficient. We know only one attempt of this type [1]. The possibilities of this 
method are far from exhausted. 

On the other hand, a knowledge of the above conditions may be useful in regard to already 
known divider circuits (the optimal selection of the nonlinear element in its regime, the selec- 
tion of the corresponding approximation in analysis and computation, etc.). As far as the con- 
ditions for the absence of a frequency dividing regime are concerned, they can be used in cases 
when it is important to suppress all subharmonic oscillations (for instance, in certain circuits 
with steel structures), as well as in frequency dividers when it is important to prevent the 
appearance of oscillations of the divided frequency with a division coefficient other than the 
given one. A complete solution of the problem we have formulated for complex nonlinear 
circuits is difficult. The following discussion is restricted to two cases of practical impor- 
tance: the conditions for the existence of a dividing regime in a synchronized self-oscillator; 
and the conditions for the absence of a subharmonic regime in a fairly general circuit. In both 
cases, we deal with a system with one degree of freedom. 


1. THE CONDITIONS FOR THE EXISTENCE OF A FREQUENCY-DIVIDING 
REGIME IN A COMBINED SELF-OSCILLATOR AND FREQUENCY DIVIDER 


1. To divide the frequency of sinusoidal oscillations, simple self-oscillators of the 
Thomson type synchronized to a subharmonic are often used. The possibility of obtaining a 
frequency-dividing regime and the requirement of a wide synchronization band impose certain 
restrictions on the characteristic of the nonlinear element in the self-oscillator divider. Itis 
convenient to characterize the properties of this element by the spectrum at its output when a 
sinusoidal force acts in its input (for instance, the spectrum of the anode current of a tube 
when there is a sinusoidal voltage on the grid). It is well-known that in dividing by a factor 
of n an important part is played by the properties of the characteristic which produce the n-th 
harmonic of the output spectrum. These properties determine whether division will take place 
on the width of the synchronization band (see for instance, [2-6]). 

However, as far as we know, there has been no more or less rigorous proof of the fact 
that the presence of the n-th harmonic in the spectrum of the nonlinear element of an excited 
self-oscillator is sufficient for frequency dividing. In [4], this condition is regarded as neces- 
sary, while in [5], it appears as a sufficient condition, but still no proof of this fact is given. 
It is only noted that in the absence of the n-th harmonic, the corresponding components of the 
transconductance becomes zero. In this section, we shall first of all give a proof of the above 
fact. In the second place, we shall establish the requirements for the phase of the n-th har- 
monic resulting from the conditions for stability. In addition, we shall show that, in the 
absence of the n-th harmonic, its role can be played by the 2n-th harmonic of the derivative of 
the characteristics of a nonlinear element. 

Let us note that after we had written this article, it was found that, at least in regard to 
the part relating te the n-th harmonic, our results could be obtained by considering the approx- 
imate simplified equations for the amplitude of the phase given in [6] [Eqs. (2.7) and (2. 8)]. 
Although the author of article [6], which was far more general in nature, did not draw the 
necessary conclusions, it is clear that, for sufficiently small mistunings, the equation for the 
phase has a stationary solution, while the nondifferential equation for the amplitude also per- 
mits a stationary amplitude. From the stability conditions, the requirement for the sign of 
the synchronization parameter 6 follows. This parameter is proportional to the amplitude of 
the n-th harmonic. 

Since, as we have said, the possibility of division does not relate to the n-th harmonic of 
the self-oscillation exclusively, and no analysis of the problem is given in [6], we decided to 
retain our entire treatment of the question. 


2. We shall confine ourselves to the examination of very simple self-oscillator dividers 
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described by the well-known equation 


r+2= L@ (x) + pEa + do sinnt, (1) 


where (X) is the nonlinear characteristic with which we are concerned, & is thé mistuning, 
and 0<4<1isasmall parameter. We recall that the conditions for the existence of the 
stationary subharmonic regime 


do 
1—n? 


L=%+U... =USint —veost + SID epee 


require the existence of real roots ug and vg which are not equal to zero simultaneously in the 
equation 
U = 0, (2) 
V =0, (3) 
where U and V are the sinusoidal and cosinusoidal components respectively of the first har- 


monic of the function f(u cos T+ v sin T+ q cosnT), andg =nAj/1 - n“). Moreover, for 
u =ug and v = vg it is required that the stability conditions [7] be satisfied: 


au . av 

pea ao: (4) 
a(U,V) 5 
0 (u, v) <U ¥ (9) 


To simplify our problem, we shall assume that the mistuning € and the amplitude of the 
external force Ay are small. Since we are interested only in the theoretical possibility of 
dividing, this assumption will not restrict the general nature of the problem. It is only 
necessary that the frequency-dividing regime exist in the finite (though arbitrarily small) 
region of amplitudes and mistunings. We note that in practice these parameters are con- 
nected with the instability of the amplitude and of the frequency of the external force and the 
self-oscillator, and, thus, these regions are made as large as possible. 

3. Suppose that the following conditions are satisfied in the absence of an external force: 


for real M = Mo we have é 
Qn 
F(M,))= =. \ ~ (M, cos t) cos tdt = 0, (6) 
0 
OF (Mo) 
iio oe (7) 


Then, in system (1), there will be astable self-oscillatory process, represented by the self- 
oscillator.* If the self-oscillator is now subject to a small synchronizing force, the energy 
balance of the system will change insignificantly. Consequently, conditions (2) - (3) can be 
satisfied in a nonautonomous system. 

Indeed, in accordance with the above discussion, let us assume that the mistuning is 
small, of the order of u(& = u&,), and let us consider that U and V are computed for pw = 0, 
so that the mistuning disappears from the corresponding equations. Let us note also that, be- 
cause of the evenness of ((X 9), as a function of time for v = 0, one of the roots can be zero: 
vo =0. The quantity ug can be found from Equation (3): 


Ru, qQ= \ @ (Up cos t + g cos nt) cos tdt = 0. (8) 


0 


as 
1 


*It is assumed that the square of the circular frequency of the linearized autonomous sys- 
tem, i.e., the system (1) for \9=0, differs from unity by a quantity of the order of w2. This is 
confirmed by the fact that below only mistuning of the order of “is considered. 
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If both © (X) and its derivative are continuous, then 
R(u,q) = R(u, 0) + Og). (9) 


But from (7) and (8), it follows that R(u, 0) changes its sign for u = Mo. Consequently, for 
sufficiently small parameters of the external force lq , R(u, q) will change its sign in the same 
way and the amplitude of the subharmonic ug will scarcely differ from the amplitude of the 
self-oscillations Mo. 

4. Let us consider the conditions for stability of the oscillations of the divided frequency. 
By direct computation, it is easy to establish that for vg = 0 the derivatives 8U/8u and aV/ dv 
becomes zero. Then the stability conditions (4) - (5) reduce to the requirements that the two 
remaining derivatives be negative. But from Equations (7) - (9), it follows that, for u = ug and 
Vv =Vo, 


aVv ; 
an 


if the external force is small. Thus, it remains to establish when 9U/ dv is negative. It turns 
out that this conditions imposes restrictions on the n-th harmonic of the spectrum ((ug cos T ). 
Obviously, for u=ug, v =vo = 0, we have 


27 27 
ee nes cae fit - 
a — \ g (4) sin? tdt = — \ p’ (uo cos t + qcos nt) sin? tdt, 
0 0 


where the prime is used to represent differentiations with respect to Xx. Let us rewrite this 
equation in the form 


on 
au ne hk : : 
rag sea (uo cost + gcosnt) [wosin t + ng sinnt — ngsinnt] sintdt = 
0.) 
0 


on 

ile wees ' é : ; 

are \ g’ (uo cost + qceosnt) [— usin tT— ng sin nt] sin tdt — 
0 


2n 


@’ (wo cos T + GCOS NT) Sin Nt Sin Tat 


0 


and compute the first integral by parts. Then 


on 


aU if 
a rs \9 (wo cos tT + g cos nt) cos tdt — 
0 
Qn 
ng ; ; s 
mae (u, cos T+ q cos nt) sin nt sin tdt. 


0 
The first of these two integrals is equal to zero because of (3). If we note that 
g’ (u, cos tT ++ g cos nt) = @g’ (u, cos T) + 0(g) 


and compute the second integral, we finally obtain 


au rd 
oe eee zs \ @ (u, Cos Tt) cos nt dt ++ 0 (q?). (10) 


2 
V=V,=0 o 0 


Thus, the conditions for stability for sufficiently small Iq| will be satisfied in the ampli- 


tude of the n-th harmonic in the spectrum ((u cos T) is negative in some neighborhood of the 
amplitude of free self-oscillations (we recall that ug ~ Mg). 
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5. If the n-th harmonic of the spectrum @(u cos T) is identically equal to zero, then, by 
considering terms of the order of q* in equation (10), we obtain 


Ps 
2 


ou 
ov 


2 
ea oo \ @’ (Uo COs T) cos 2 ntdr + O (q°), 
v=0 Ome 


and the stability conditions can again be satisfied. Now the amplitude of the 2n-th harmonic 
of the derivative of the characteristic (x) must be positive in the neighborhood of the ampli- 


“tude of the self-oscillations. 


Of course, arbitrary small harmonics of all numbers almost always exist in the spectra 
with which we are concerned, and thus it would seem that frequency division is always possi- 
ble. However, since the synchronization bands for small harmonics are also small, the sub- 
harmonic process becomes impossible in an actual system whenever the magnitude of a given 
harmonic component is smaller than some critical value (determined in particular by the 
instability of the frequency of the self-oscillator). However, all this does not reduce the value 
of the theoretical results obtained in the above-mentioned works and which we have in part 
proved and added to in our discussion. 

6. Let us note that our results are not based either on the approximation of the nonlinear 
function of the self-oscillator or on an expansion of this function into a series. It is sufficient 
only that the first derivatives exist and that they be continuous. This statement also holds for 
[6]. 

It is necessary to emphasize that the results we have obtained are generally incorrect in 
the case of a nonself-oscillating system. For instance, in [7], it is shown that in an incom- 
pletely excited system with a cubic characteristic it is impossible to divide the frequency by a 
factor of 3. Therefore, a special study is necessary to establish the sufficient conditions for 
frequency division in the case of a nonself-oscillatory system. 

The important role of certain harmonics of the spectrum ¢(u cos T) is explained by the 
fact that the properties of the characteristic which are responsible for these harmonics gen- 
erate combination components of the spectrum ((u cos T + q cos nT), which sustain the 
process of division by n. In the next section, it is shown that in the absence of the n-th and 
(2n + 1)-th harmonic of the spectrum ((u cos T), division is impossible, and a physical 
explanation of this fact is given. 


2. CONDITIONS FOR THE ABSENCE OF THE FREQUENCY-DIVIDING REGIME 


1. It is known that, when Thomson circuits are used, it is possible to suppress the peri- 
odic subharmonic regime by increasing the losses and the mistuning. We shall not be con- 
cerned with the conditions connected with these parameters, but with the form of the nonlinear 
form of the circuit. As far as we know, the question of the absence of a subharmonic regime 
has not been specially considered in this respect. However, in a number of works, for 
instance [2, 4] important results have been obtained. In particular in considering a simpler 
system than ours in [4], Korolev obtained an equation from which results can be obtained which 
are a special case of the results we obtained below. In this work, we deal with a system of 
more general form than in [2, 4], and we shall use a somewhat different method from the 
accepted one. 

2. Many circuits of practical importance in which subharmonic regimes are observed 
when acted on by a sinusoidal external force can be described by a quasilinear second-order 
equation 


c+ xr=plp(r)x + f(s)] + Aosinne. (11) 


Here w and f are analytic functions, for simplicity; and 0 < «1 is a small parameter. For 
f(x) = &x where € is the mistuning, we obtained the well-known equation for a system with 
nonlinear losses, which is considered in the preceding section for the self-oscillatory case. 
When both functions are nonlinear, (11) describes a large number of circuits with a single 
nonlinear element, [8]. 

Let us restrict our analysis to circuits characterized by Eq. (11), and let us establish the 
conditions under which a subharmonic process is impossible. } 

3. In the physical analysis of processes of frequency division, the following concept is 
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useful: a harmonic divider is a combined structure represented by an active frequency con- 
verter interconnected with an oscillatory system tuned to a frequency close to a subharmonic. 
For the first component, various systems can be used, for instance, a balanced tube modu- 
lator, a diode converter with an amplifier, a nonlinear reactance, a variable line reactance, 
and so on. The oscillations of the frequency which must be divided and the oscillations shaped 
in the oscillatory circuit are fed to the input of the converter. The subharmonic regime is 
sustained in the oscillatory system by the energy from the source of the external source or 
from a constant power supply, or from both of these. In all cases, the channel through which 
the energy enters the oscillatory system is represented by the oscillations of a combination 
frequency arising in the converter. The combination frequencies are made up of the frequency 
of the natural oscillations of the system and the frequency of the external force. It is these 
combination components which make the existence of a stationary subharmonic regime possible 
under certain conditions. 

It is natural to expect that, if this "combination mechanism" is disrupted, the process of 
frequency division will be impossible. A simple formal analysis carried out below confirms 
this. 

The combination frequencies which are generated by the nonlinear elements in the circuit 
and which can sustain subharmonic oscillations with an angular frequency equal to unity under 
the action of an external force with an angular frequency n [see (11)] must obviously satisfy the 
equation 


| pr—q = Ue 
where p, q=1, 2, 3,... . Consequently, the order of the combination p =q is pm+1)+ 1. 
In other words, 
8 (12a) 
p+rq=n+2 
or 
p+q=2n+1-+ 27, 
(12b) 


where j=0, 1, 2,... . 

In accordance with our above discussion, we shall require that the nonlinear characteris- 
tics f(x) and ¥(x) = / (x) dx prevent the formation of combination frequencies of this order. * 
It can be easily understood that the absence of combination frequencies on the order of (12) 
under a biharmonic force is equivalent to the absence of a n-th and (2n + 1)-th harmonics in a 
spectrum of f and W under a sinusoidal external force. Therefore, we can require that the 
ane f(A cos T) never contains the angular frequency components n and 2n + 1 for any ampli- 
ude A. 

We shall show that under this condition it is possible to guarantee that there will be no 
frequency divison by a factor of n. 

4. Let us compute the sinusoidal (U) and cosinusoidal (V) components of the first harmonic 
of the function J (x9) xo + f (xg), where 


Z = Asin(t + 6) + q,sinnt = usint — vcost+ qsinnt; 


dg= Af (1 - n”); and Xo is the ''zero' approximation of the subharmonic oscillations for the 
small-parameter method used below (as in the preceding section). 
Computing the integrals 


on 


pe 
= \ p (A sin (t + 9) + gq, sin nt] [A cos (t + 6) + ng, cos nt] dt, 
: 


*This representation, in which we consider instead of its i j 
ee aay (x) ad of its integral will be made clear 
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by parts, we obtain the equations 


Ua a Vet Uj, 
13 
V=Uy+Vj;, 


where W(X) =i ¥(x)dx , while the quantities in the right members of Eqs. (13) are the sinusoidal 
and cosinusoidal comp onents of the function f(xg) and Y(x0), which appear in the form of sub- 
scripts. 


It is easily shown that under the condition imposed above, the following equations hold: 


U,;=8,;cos8, Uy =Bycos8, 


(14) 
V;=B8;sin0, Vy = Bysin 9. 
Here, 
co oo 
Av +1 9s q@rteti 
B= a Oe eae . 
; 22 ar (FA) ri(al)? dexter J (0); (15) 


the summation is taken over all r and s for which the corresponding derivatives are not equal 
to zero, and Zg represents the "operating point" of the characteristic f(x). The expression 
for Byis obtained by replacing f by Win (15). 

Equation (15) is obtained automatically from the equations given in [9] for the amplitude 
of the first harmonic at the output of a nonlinear element under the action of a biharmonic 
external force. The computation is simplified in that the combination components leading to 
the appearance of the first harmonic are absent. 

5. Substituting (14) into (13) and equating U and V to zero in accordance with (2) and (3), 
we find 


— Bysin#@ + B;cos# = 0, 


(16) 
By cosé + B,sin@ = 0, 
é 
Hence tan?@ = — 1. 
Therefore, under the conditions given in Section 3, Eqs. (16) do not have the real roots re- 
quired by the theory of frequency dividing [7]. Real roots exist only in the case when the 
amplitude A = Ag satisfies simultaneously the two equations 
[3 = O, 
Bye! (17) 
However, it can be shown that in this case the stability condition (5) is not satisfied, 
since, for u = ug and v = vg, 
a(U,V) __ 
i) Te 0. (18) 
Indeed, direct computation shows that 
_ 4 2U,V) _ ,V) (19) 


0 (u,v) 0 (A, 8) © 
But from Eqs. (16), it follows that the quantity in the right member of (19) is equal to ByB'y + 
+BfB's (the prime indicates differentiation with respect to A). Therefore, the roots of Eqs. 
(17) correspond to an unstable dividing regime, characterized by Eq. (18). In terms of the 
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"simplified" variables u and v, we can say that the singular point (uo, vg) is regular. * 

6. Thus, if the n-th and (2n+ 1)-th harmonics are absent from the spectrum of the func- 
tions f(A cos T) and &(A cos T) for all amplitudes A, stable stationary periodic oscillations at 
a frequency which is a factor 1/n of the input frequency will be unable to exist in a nonlinear 
circuit, described by Eq. (11). If nis an odd number, the equality of the n-th harmonic to 
zero implies the equality of the (2n + 1)-th harmonic to zero. If the division factor is even, 
the corresponding spectrum is limited, at the last possible nonzero harmonic is the (2n - 1)-th 
harmonic. It is important to note that the absence of the n-th harmonic from the spectrum is 
still insufficient. We could give examples of frequency division by a factor n in systems in 
which the n-th harmonic is absent and the (2n + 1)-th harmonic is present. We note that the 
experiment described in [10] also confirms this conclusion. 
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*Strictly speaking, the concepts presented above only indicate the nonexistence of a sub- 
harmonic solution in the zero approximation; physically this means that intensive oscillation 
of a divided frequency is impossible (since the intensity would preclude a small factor ). 


However, the concepts of Section 3 are obviously a good indication of the general character of 
the results obtained. 
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SOME PROBLEMS IN THE THEORY 
OF THE REFRACTION OF MAGNETIC WAVES 


V.1. Ivanchikov 


This article deals with the problem of the relationship between frequency and angles of 
incidence in the propagation of electromagnetic waves in plane laminar inhomogeneous media. 
An equation is established for the angles of incidence in the form of a generalized law of 
refraction (Snell's law). Examples of the determination of the function of relative refraction 
(errors) are given for the case of a linear € -profile and for the case of an € -profile of the 
transition layer of the Epstein type. 


It is well-known that when the refraction of electromagnetic waves is treated in terms of 
rays, the angles of incidence and the angles of refraction are determined on the basis of the 
law of refraction. 

Since the criteria for the validity of geometric optics do not predetermine the closeness of 
the results of the ''ray" theory and the wave theory, the value of computations of these angles 
in the approximation of geometric optics can be determined only after comparison with experi- 
mental results. 

The following question naturally arises: since the relationship between the-angles of 
incidence (and consequently the angles of refraction) and the wavelength of the propagating 
waves are not taken into account in the ray theory, how important is this relationship for 
practical purposes and how can it be taken into account a priori? 

In terms of the concept of physics, it can only be expected that the refraction will be 
stronger, the greater the change of the phase velécity in the direction of the wave at the wave- 
front. Thus, the refraction in electromagnetic waves will not be determined simply by the 
nature of the optical inhomogeneity of the medium and the angle with which the ray enters this 
medium, but also by the radio wave parameter giving the effective thickness of the medium in 
wavelengths andthe change ofthe refractive index at the wavefront in the direction of the wave. 

In this connection, from the point of view of refraction both the case of propagation of 
extremely short waves in a large inhomogeneity and the case of propagation of extremely long 
waves in the presence of a local inhomogeneity are equivalent. In both cases, the refraction 
is not manifested as strongly as would be the case in inhomogeneities with an effective thick- 
ness comparable with the wavelength. 

The phenomenon of superrefraction, which results in waveguide conditions of propagation 
can apparently be considered as an example of the alternation of ''selective refraction" and 
reflection. 

As shown by V.A. Fok, for the case of a waveguide on the ground with a given hyperbolic 
profile (for a reduced refractive index), the "line-of-sight distance" is not only a function of 
the layer parameters which determine the nature of the transition of the refractive index 
through a minimum, but also a logarithmic function of the ratio of these parameters to the 
wavelength [1]. 

In the present article, waveguide concepts are used in considering the problem of deter- 
mining the angles of incidence of the line-of-sight distance and the relative refraction of 
electromagnetic waves which are propagated in plane laminar inhomogeneous media. Let the 
solution of the wave equation* 


*Let us note, that Eq. (1) is correct for horizontal wave polarization. A more complex 
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OE oka, tena) aes (1) 


which describes the propagation of an electromagnetic wave in a plane laminar medium, have 
the form 


(2) 
EN (Gop Z) Bice oR atet OZ) 
where 
ImZ(z) , 
(2) =are tan EPAG IE 
(3) 
Z(z) = Zoe (2) is the integral of the equation 
a + ko le (z) —pr1Z =0; o 
p= Ve,sin Oo) : 


%9 is the angle of arrival (incidence) at the "boundary" of contact of the homogeneous and in- 
homogeneous media. 

Let us define the angle of incidence of an electromagnetic wave P = (x, z) as an arbitrary 
point 0(z). For this, we shall use the fact that the phase wavefront is given by the equation 


Im Z (z) 


@M (xz, z) = kopx +-arc tan eA const, (5) 
as a consequence of which 
aD 
eva oe dz Ox kop 
a lc Aa Zee (On A (2), B(z)| > (6) 
on) SES eo aeon 
| Zo | cer ae 
where 
ANA) = ROY, (2); 
B (z) = Im Z (2). (7) 


Let us consider the function 0 (2, i, — 80) by means of the equation 


A(z), B 8 
= a ae =k, V e(z) —p* [1 + @(2)]; (8) 
| 20 dz Oz 
then 
tan} (z) = V eosin Oo 


V eG —esint G1 +0(2.2, $2, o)| (9) 


function, which will in addition to its dielectric constant include its logarithmic gradient, will 
enter in place of €(z) in the case of vertical wave polarization. In general €(z) may be taken 
to be some effective value of dielectric constant. 
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and, consequently, 


V le (z) — &0 sin? Oo] E + @(2, — J 80) [+ €0 Sin? Go sin } (z) = 


ee (10) 
= V eosin Oo. 
It is seen that, for propagation of a plane electromagnetic wave in a plane laminar inhomo- 
geneous medium, a more general condition must be satisfied by the angles of incidence oo and 
$ (z) than the condition defined by the universally known law of refraction (Snell's law) 


V e (z) sin 0 (z) = V e,8in 8 = const. (11) 


In the limiting case, namely the case of geometric optics, @ (2, i, ce. 8) > 0 and Eq. (10) 
reduces to (11), as is shown below. ae 

Thus, the expression under the radical in Eq. (10) can be regarded as an expression for 
the effective dielectric constant. Consequently, the horizontal range of propagation can be 
defined as 


eO—-F “J t+eO]lVeO—P (2) 


r= pl 


Ze 


If the range determined in the approximation of geometric optics is denoted 


or (13) 
‘ii P| Ve@—P’ 
Then, 
x 8 (£) ao 
1 ey 
: P\ +6 O]1VeO—P (14) 


will characterize the change in the horizontal range of propagation due to the dependence of the 
angles of incidence on the wavelength. 

From (10) and (12), it is seen that the dependence of the angles of incidence (and conse- 
quently the angles of refraction) and the horizontal range of propagation on the wavelength of 


the propagating wave is fully determined by the function 9 (z, i, = 80). In principle, this 
function can be determined for all the cases of solution of differential equation (4) which are 
given in [2]. Its physical meaning can be easily established by considering the difference be- 


tween the angles of incidence rather than the actual angles, 


(15) 
7 (z) = + [00 — 6 (2). 
Indeed, 
dz dz 
ez tanOo—tanO(z) __ (=) i (=), 
ant 2) Sir anaes Gy Coe TNS j 
eae) Nae) (16) 
Eliminating tg @(z) from this equation and using (9), we find 
tenes d 
Veosin Bo— Ve (2) — eosin? OotaNb, [1 +0 (2, 1, =, .)| 
tany (2) = + : (17) 


sae d = 
Ve (z) — &9 sin? By [1 +6 (2. r, = ») | + V esin &o tg Bo 
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For 8 =0and $9 +7/2. 


can eins @) SERV ee (18) 
For @ # Oand #9 + 7/2 
tan tmax (2) = = V/ *@="[1+ O(2, 4, 2, do =>)]; (19) 
consequently, 
tan YTmax(2) = tan'Tomax(2)(1 + ©(2, Ge» Oo = 5)]. (20) 
For all cases of propagation in which 
tan Ymax(2) ~ Ymax (2); : (21) 
tan Yo max (2) & Yo max(2) , 
O(z, 4,2, %=F)= me (22) 


Thus, 8 (z, i, = ; 8) can be called the "relative-refraction function." 


Depending on the nature of the €-profile, the relative refraction function 9 may increase 
monotonically with increasing wavelength, or it may pass through extrema when certain rela- 
tions hold between the effective thickness of the inhomogeneity, the wavelength, the angle of 
incidence, and the gradient of the dielectric constant. 

For illustration, we give two examples. 


J eeAalinea race DLOMLe mm Ut 
i € = const = £1, 


2 > 0 e(2z) = a+ az; a> 0, 


then, as known from [2]. In the region z > 0 


ae (23) 
Z (2) = cw? Hi (w), 
3 
where 
=3Ve@—PP 
(24) 


a) When w > 1, which corresponds to a case of the slowly changing refractive index, 


1 de 


d : , 
Ca =>7q, is small), and angles 69 which are not too close to 90°, it is easily seen that 


@ (2, 0,22, bo) ~ 6 
2k 2 ? 
( ) = [az + €1 cos? Oo]? + 82 G3} 
where 6 = 0.07. 


b) When w « 1, which corresponds to the case of large gradients of the dielectric constant 
and extremely small angles of incidence, the function of the relative refraction has a more 
complicated form, namely 


de % 
)(Ze Ty aa = a 
(: dz 9) V3 0 [404 — 223 + x] : (26) 
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where 


mle 
3 


’ ape 
v=(Z)e= (z)° V az + & cos? Oo: 


(2) = (27) 


3 


2. Transition region of the Epstein type. Here, as known from [3]. 
@ (z) = e1 + (e2 — Ape 
1+ e@ (28) 


where q = 4/L; L being the effective thickness of the layer. For this case, we also have 


eikz Veet F (a — b,— a — b, 1 — 2b; — e€-22); (29) 
V e1cos %; b= it — es — p* — parameters . 

If we restrict ourselves to the first two terms of the hypergeometric series and perform 
the computations according to (8), we find 


esa (30) 
( de " @&— p 2m 
O(z, 4,——, 9,\= : i me 
here ( dz 0) Vi (z)— Pp (4 + 4b?) e% + mte—% + | A 
0<2z< 09; 
SO EEN INS Ae. 
n= =) (=) Ae; 
Ae=e,—e, >0; (31) 
bo = = S V ez — e1 8in* Oo. 
4 (32) 
If the auxiliary function 
1g 2m 
R(z, —, Ae, 8, ) = —— 
€ Ke’ Se o) (1 + 4b2) 9? + mite“ 4+ 2m’ (33) 
is used, it can be easily seen that, for #9) =7/2, 
42 (34) 


m= Mex = el, 


and R (2, = 5 Ae, 0) has a maximum. 


Without pausing for a detailed examination of all the consequences which can be deduced 
from the above examples, let us point out that the case of a Hankel function with a large argu- 
ment, which made it possible to determine the dependence of the angle of incidence on fre- 
quency in the region adjacent to that of geometric optics, provides a vivid illustration of the 
degeneration of the refraction law (10) in the universally known Snell's law for de/dz \ +0. 

Let us give the numerical value of the relative refraction ® for the case of the so-called 
standard refraction for the purpose of emphasizing the small magnitude of this function rela- 
tive to its value at the same wavelength for the case of deep subrefraction and "glancing" 
incidence. 

de ee = 2 — -g-10-8 & 
1. Letz =50m, 9 = 89°, €1 = 1.000645, \=4 m, a - dé/dz = -8-10 a (the case of a 
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"standard'' atmosphere) andw = = V (az + e1cos* )>~ 68. Thus, we have the case w > Ww 
According to (25) 


8(z, yee ; 80) ~ = 103%. 


2. Letz=25 m; %) = 90°, AX=4m, a =de/dz =4: 107" 4 (the case of deep subrefraction) 
we cd V (az)? ~ 0,08,. Thus, we have the case w «<1. According to (26) 
a 


Ay 


4 
~ a = tl Ay DRM. 
Yo max (2) x V30 es 


ha A eh Ay 
@(z, 4%, & =4) 


In our opinion, the examples we have given show convincingly that the form of the function 
for the distribution of the dielectric constant of the medium has a determining effect on the 
magnitude and nature of radio refraction at small angles of incidence (large zenith angles), as 
was established previously for the case of a spherically laminar atmosphere in [4] and [5]. 

Of course, all the equations giving the relationship between the wavelength and the effec- 
tive parameters of the inhomogeneities for characteristics such as the angles of incidence (and 
the angles of refraction), the line-of-sight distance and the relative refraction can be easily 
carried over to the case of elastic waves. 

Since several of the cases of refraction of a plane electromagnetic wave in a plane laminar 
formation are of interest in both applied physics and general physics, it is advisable that they 
be written up separately. 

Conclusion. On the basis of wave concepts, we have considered the problems of deter- 
mining the angles of incidence, the line-of-sight distance, and the relative refraction of 
electromagnetic waves when they are propagated in plane laminar inhomogeneous media. We 
have shown that the dependence of these characteristics on the wavelength of the propagating 
wave and the effective parameters of the inhomogeneity are fully determined by the relative- 
refraction function for the given type of «-profile. We have established that the relationship 
between the angles of incidence is more complicated than the universally known law of refrac- 
tion (Snell's law). Only in the limiting case, namely the case of geometric optics, where the 
relative-refraction function tends toward zero, do the angles of incidence cease to depend on 
frequency and does the refraction law reduce to Snell's law. In conclusion we gave examples 
of the determination of the relative-refractive function for a linear €-profile and for an €- 
profile of the transition region of Epstein's type. We also gave the numerical values of the 
relative refraction for the case of propagation of waves in the range of meter wavelengths 
under the condition of a "standard" atmosphere and under the condition of deep subrefraction. 
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THE ELECTROMAGNETIC FIELD AND THE DISTRIBUTION 
OF CURRENT ALONG AN INFINITELY LONG 
UNINSULATED WIRE IN A CONDUCTING MEDIUM 


P. P. Pavlov 


This is a study of the electromagnetic field, the input impedance, and the current dis- 
tribution along an infinitely long uninsulated wire in a conducting medium under lumped 
excitation. The study covers the frequency range from 6-10? to 3°10’ cps, and the cases 
where the uninsulated wire is placed in sea water, moist soil, and dry soil are considered. 


INTRODUCTION 


The propagation of electromagnetic waves along an infinitely long wire placed in air is 
considered by Sommerfeld [1], Noether [2], and Vladimirskiy [3]. The input impedance of 
such a wire is studied by Kessenikh. Vaynshteyn has considered the classical problem of the 
excitation of a thin cylindrical conductor of finite length, placed in air, by an outside electro- 
motive force applied at an arbitrary point on the conductor [5]. 

In practice, segments of an uninsulated cylindrical conductor placed in a conducting 
medium sometimes serve as radiating elements of an antenna. However, the problem of the 
electromagnetic field and the distribution of the current along an uninsulated wire placed in a 
conducting medium has not yet found the treatment it deserves in literature. 


/, 
1. CURRENT DISTRIBUTION AND INPUT IMPEDANCE 
OF AN INFINITELY LONG WIRE 


Let us express the dependence of the current and the field components on time by e-iwt, 
and let us define the function II by the equation 


a /au 
E,= 5 (3) (1) 
Then, from Maxwell's equation for a symmetric field relative to the axis of the wire, we ob- 
tain 


eI GNUe Grill 
or r Or | Oa f ome, I = 0. (2) 


Let us write the solution to (2) in the following form 


m= {A (1) 20 (VP em ay. (3) 


—oo 


To satisfy the principle of radiation, let us assume a solution to Eq. (2) in the conducting 
medium surrounding an ideal wire in the form 


+00 
T= § A (1) HE? (ver) ea, (4) 


— es) 
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where 
ane Qn 
i = Ve— 7; k= ory ce 


The field components in the conducting medium are given by the equation 


n 


E, = — i \ yeed (1) HE (var) eb a, (5) 

+00 . 

B, = \ ofA (1) HY (oy) ody, (6) 
-+oo 

H, = — wey, \ vA (y) HY (vsr) eb? dy. (7) 


We find the unknown function A (y) in the boundary condition at the surface of the ideal 
wire . 


ex — Ol T= ts (8) 


where Eg, is the intensity of the field of external forces at the surface of the wire. In con- 
sidering the propagation of electromagnetic waves along a single wire, Vladimirskiy uses 
Leontovich's boundary conditions 


k 
E,+ Fext= = He, 
where 


2 
k= °. le Se wees ep + Anins 
are the wave numbers in a vacuum and in the conductor, respectively. Vladimirskiy as- 
sumed the conductivity 0 as fairly large and assumed that the depth of penetration of the field 
into the conductor is much smaller than the radius of the wire. This makes it possible for 
him to ignore the field inside the conductor (when Leontovich's boundary conditions are as- 
sumed to hold at the surface of the cylinder r = p). 

We are interested in the electromagnetic field of an uninsulated wire in the frequency 
range from 6:10? to 3:10’ cps. At relatively low radio frequencies, the depth of penetration 
of the field of the conductor may be commensurable with radius. Accordingly, in a rigorous 
solution of the problem it is necessary to take the field inside the conductor into account. 
However, if its conductivity is extremely large, it can be regarded as ideal. This makes it 
possible to avoid mathematical difficulties and to obtain equations which are suitable for 
analysis and computation. 

As in [3], we shall assume that an electromagnetic field of frequency w is excited by 
electromotive forces 4(z)e !W distributed on the surface of the conductor. For this, we 
shall assume that @ (z) is directed along the axis of the conductor. 

Let us consider the case of a lumped electromotive force, assuming that the intensity of 
the field of external forces differs from zero only in the segment 0 < z < a. The emf of the 
external force is 


a 
Coe \ E, , dz. 
0 
However, the case of radiation in the half-space (z > 0) can be obtained in pure form, if an 
ideally conducting plane is placed perpendicular to the axis of the wire near the point where 
the emf &) is applied. Because of the mirror reflection, it is necessary to set the emf 
6 = 2 in the equations for the field components in radiation in the half-space. 


The intensity of this field Egy; produced by the emf of the external source canbe written 
in the form of the integral 


+00 
PAG sin ya 4; 
Fext=te aa Brahe. 
—oo 


(9) 
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Defining 
_ 6 sin ya 
K (7) = on ya’ (10) 
we obtain S433 
Bext= \ K (1) edy. 
= (11) 


On the basis of boundary condition (8), we find 


K (7) 


A(y=—- 2 HO (nap) Ho) aia (12) 


The current in the wire I, is related to the field component H gy in the conducting medium 
at the surface of the wire by the equation 


i 2p. (13) 
On the basis of (7) and (12) we have for a > 0 
+00 
HY (vsp) 
I, = iwpe use Seer 
pees) vs (vap) lee oo 


The function under the integral is multivalued in the complex plane y. The branching 
points are the points y=+k3. To restrict ourselves to the consideration of a single branch 
z > 0, we describe our section from the branch point y= k; to infinity. As a result, the 
integral reduces to a contour L about the section line connected to the branching point y = k3. 

Integral (14) is equal to the integral over the section. Let us perform the substitution 


kx— y= s, dy = —ds. 


As a result of the substitution, we obtain 


—ipy —iR 
Stats 

—iR —ip Cc 
On eae ee 


As p,— 0 the integral over the circumference Cp; tends to zero. At the first shore 


Ae. V (oe 
Si—stcene i te 2 (2ks + it). 
At the second shore 


Si Ss reae V3 = Vices Clee. (2ks + it). 
Thus, we have 
R 
H (e! vss p) H®) (vs3p) | 
— ed ik,z ae ae a 1 —zt dt. 
Jip lé | { vs H®) (e** vsep) 34 H®) (vsap) é (15) 
Using the equation HW (einz) = — eine H® (z) 


and letting p,~ 0 and R—> ©, we obtain 
ce (| H® (vss) _-H{ (vsap) poe 
ei Leah = * at. 
J Les HY (vmp) vs Hp” (esp) 


the 


Let us restrict the region of integration to values of T satisfying the inequality 
=) | 17 
| vs2|p =|V— it (2k + it) |p <1 Go 


or 
v= it (Ok, + ix) | = = for as 1. an 
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When inequality (17) holds, we can replace the Hankel function by the first terms of their ex- 


pansion into series. Dropping all quantities of negligible magnitude, we obtain 


Dh pep c Cmanat, c Oi Ghe 
= — eth ———————__—__— + oa ee 
Jun = xp ° v3, [1 —i 2 In (vm) \ vt, [1 +i In (g2p) 
33 = 32P 0 Y32 a 32P 


or 

ik e 4 Oe he 
Re gee eerie =e 
0 


We find the upper limit of integration m from inequality (17). 
Setting 
ks =) oan =- ip, 
we can write (18) in the form 
1 


v4t 4pr3 + 4 (n? + p?) 1? Rane 0. 


One of the roots of this equation is the upper integration limit of (20). 


(19) 


(20) 


(21) 


Table 1 gives the roots of Eq. (21) computed for sea water, wet soil, and dry soil with 


p =2mm anda =10. 


T nepers/m 
Frequency f, sea water | wet soil dry soil 

« = 80, 9, (ie, 10, 9, (eg, 4, oy 
cps . { ees il =e Bese 

~ ohm =) ohm al ~~ ohm om) 
6-108 49 69125 49 97582 — 
3-104 49 30699 49 92301 - 
3-105 4777654 4975647 49 9667 
3-108 42 89065 49 23667 49.9201 
3-107 28 10280 4783160 49.8764 


Let us write integral (20) in the form of the sum of two integrals: 
31 


J = 2 ine {f 1 edt 
Lape © 7? (In [— it (2hy + it) p?])? —it (Qk pit) 7 


0 
m 
\ 1 Shs 

TS t+ (hh [— it (2ks + it) p?]}* — it (2ks + it) } ; 


1 


(22) 


A study of the integral function has shown that the second integral in Eq. (22) has an ex- 


tremely small value for z > 1 and that it can be ignored. 


For t= 0, the denominator of the function under the integral in the equation 


J 
_ \ 4 On ths 


J)? + {In [— it (2k3 + it) p?]}2 — it (2k + it) 
0 


(23) 


becomes zero. Consequently, the function under the integral is equal to infinity. To elim- 
inate the point += 0, let us divide the region of integration from zero to 1 into two segments 


with limits from 0 toh and from h to 1. Asa result, we can write Eq. (23) in the form 


h 


yes \ 4 edt / 
) 0 + {In [— it (2k3 + it) p2]}2 — it (Qkg+ iz) ! 
Q 
1 
; \ 1 e “dv 
) 0 + {In [— it (2k3 + it) p2]}2 — iv Qk3 + it) * 


h 
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(24) 


We select the limit of integration h from the inequality 


| —"t2ks | St = he. 


(25) 


When inequality (25) holds, it is possible to neglect the quantity 7” in the function under the 


first integral in Eq. (24). 


hee 


On this basis, we can write 


nh 


0 


0 


\ {i COG oe 
m+ {In [— it (2kg + it) p2]}2 —it (2kg+ it) 
h 
Hee meaieh 9 
iDhs \ T [In (— i2kso%) + nt]? 


(26) 


For h<1 and finite values of z, which are of practical interest, the exponential function 


e~2t, can be taken equal to e~24 and carried outside the integral sign. 


Writing 


a = In (— i2ksp?), 


we can write Eq. (26) in the form 


h 
5 pan ema \ dt 
Ss i2kg )t(a+int)?~ 
0 


Let us perform the following substitution of variables: 


Consequently, we obtain 


or 


Tn =, a iim @ = ahi. 
Inh 
ewzh du 
a i2kg (a + u)? 
4 —zh 
PPR ae Cy 
i2kg a+Inh 


Substituting the value of a into (29), we have 


Z 


4 eth 


i2k3 In (— i2ksp2) + Ink’ 


i 


Thus, we can write integral (23) in the form 


*) 


1 


4 eh 
=F, in (— ke) tela ho 


4 e "dt 


m+ (In (— it (2ky + it) p?]}? — it (2ks+ it) © 


The equation for the current in the wire has the form 


I, = i4noe;,6 ei { 


+ 


ewzh 


4 Canes 


1 
\z + {In [— it (2ks + it) pe] — it (ks + it) 


4 en ay 


m? + {In [— it (2k3 + it) p?]}? — iv (2k3 + it) 


1 
i2ks In (— i2ksp?) + In h a 


+ 


\. 


(27) 


(28) 


(29) 


(30) 


(31) 


(32) 


For z > 1 the last integral in Eq. (32) can be neglected, since for zr > 1 the exponential 
function is small, while the modulus of the denominator of the function under the integral is 


large. 
If we denote 
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—zh 4 CmnLae 


1 e 
EG) a= 1h ee eis \ att (in [= it Whe Fin) pp Si he + it) 
C 1 Gh 
+\ x? + (In [— it (2ks it) p?])}? — it (2k, + it) ’ 
1 
we can write Eq. (32) in the form 
I, = i4nwe,,€eF (2). (33) 


Equation (33) was used to compute curves showing the modulus of the current as a function 
of z, as well as to compute the moduli of the function e534 and F(z) for an uninsulated wire of 
radius p = 2mm, placed in sea water, in wet and dry soil. Figures 1, 2 and 3 shows stand- 
ardized graphs as the moduli: 1 - |Iz/;2- | eiksZ |; 3 - | F(z) | for sea water, wet and dry. 
soil, respectively. From the graphs, it can be seen that the function F(z) changes slowly. 
When an uninsulated wire is placed in sea water or in wet soil, the change of the current over 
wide range of frequencies is chiefly determined by the rapidly changing function e!“3%. Ob- 
viously in engineering computations, the modulus of the function F(z) can be regarded as an 
approximately constant coefficient for these media. ‘ 

In the case where the uninsulated wire is placed in dry soil, the change of the current 
differs rather considerably from the exponential change of e!%34, since the absolute value of 
the function eiK3Z changes relatively slowly. 


a*/610 a=5-10'm 


6z2m0 
Figure 1. 


To determine the power consumed by the source of the external electromotive force, let 
us compute the current near the point where the electromotive force is applied. 


Taking z = 0 in (32), we obtain 


0 (fe 1 
Ii — UG 14 
0 i4 ERO 1 i2ks in ec i2ksp2) + Inh ‘ 


zs 

\ 4 dt 

J a? + (In [= it (2key + it) p*])? — ie Oks + it) 2 
nr 


(34) 


a 4 oe 
\ eR CRT ORT 
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Figure 3. 


Since é = 28 , the input impedance of the wire is 


Z; = So — cm = _ Go == mtg 
in= “7, a7, tin Rel oOnets 


since the given case of the radiation is on one side. When there is radiation on both sides, 
the same current is obtained when an emf twice as large as 2 8 is applied and the input 
impedance is 2Zjn. The power consumed by the source of the external emf is 


2 
P =+6,Rel, = 65 = é? 


2Rin BRin : 


Table 2 gives values. of the input impedance of an uninsulated wire of radius p=2mm. 


ot Input impedance Z;, 

> 

g wet soil dry soil 

o sea water ee: ( gait 
aS (0 <s { ) . + a= €,=10, = 
So « = 80, o, = 4,———_ 4 

© ° ohm em = 5-10-2_+ _) = 10-* ) 
i ohm +m ohm + m 
6-108} 0.16939 —i 0.13166 | _— — 

3-108 _ 14.903 — i 10.765 150.92 —i 53,519 
3-107| 3.2393 —i 2,3355 41.133 — i 19,066 153,82 —i 30.912 


= 


2. THE INTENSITY OF THE ELECTROMAGNETIC FIELD OF THE SPACE WAVE 
AND THE CHARACTERISTICS OF THE DIRECTIVITY OF AN INFINITELY 
LONG UNINSULATED WIRE 


According to (17) and (12), the field component Hg of the space wave is given by the 
equation 


+00 ) 
_ W2 436 \ Hy (var) eivlzldy, (35) 


H =i e 
2m v3H\Y (vp) 
—oo 


For large values of r and z, the integral of Eq. (35) can be computed by the saddle-point 


method. 
Using the asymptotic representation of the Hankel function for r>>1 and z>>1 we have 


a 2 ‘“s i(r V2? 7+) 
HY V k2 — y2) ely = ——— e Gat (36) 
i (r Peel ) ee Vie <as 


If we compute the derivative of the exponential function (36) and equate it to zero, we have 
(37) 


Defining 


SS)il 


and=—, (38) 


where the angle ? is measured from the plane perpendicular to the axis of the wire, we obtain 


(1 +tanz $) = h2tan2}. (39) 


From (39), we find 
no == se He ANN Wo (40) 
The function v3 HS) (v3p) of Eq. (35) changes slowly in the neighborhood of the saddle point. 
It can be carried outside the integral and computed for y = yo= k3 sin® for values of 04 + 7/2, 
since for 0 =+2/2 Y% =k3, i.e., the function v3 = Vk§ -yp = 0. 
Consequently (35) can be written in the form 


He = penises 1 ( HY (r V k2—r?) etlaldy + 


s (41) 
+ \ HY (7 Vi8= 7) et 12 ldy} 


€9 cir (hs Sin $) 


Since the function under the integral in Eq. (41) is extremely small at points y which are dis- 
tant from the point y =+k3 sin®, we can change from an integration over segments in the 
neighborhood of the saddle points to an integration over a contour { going from -~to +, Asa 
result, we can write Eq. (41) in the form 


-++oo 
08436 4 TO 
Hy =i ——_\ BY (rr VR) eI dy. 42 
5 Vig (0 Vi) i ; a 
Considering that, for | Vie —7\|rS>1 
we have ieee (7 VR —-7)=- ie (7 he = ae 
H OEpo6 uy iw (r VR—71) eix lz ldy 43 
os Sy) Sama Se 0 a : 
n= Vi2— BAY eVid— 12) 2, si 
It is known that, 
“ips } eiksR 
| HPC Va Pele ldy = — 2, 
—co 
where R= Vr? + z?. 
Consequently, we obtain 
O88 { ikeR 
Hoe : rE Ss (44) 
v V8 eH pVe=p 0F 
For small values of the wire gradient p, we can replace the Hankel function by 
the first term of its expansion into a series. Thus, we can write Eq. (44) in the form 
. OE p36 4 HOE 
> ae arr == 2 1,12 Tee 
Vex ey = Nin ee (45) 
a ee 


With Eq. (45) for Hg, it is easy to find the field component Ey and Ez. Substituting the value 
of Y into (45), we find 


; Ks 4 eiksR 
hip oe 1,12 Tis (46) 
U 


k % 
eee \ o ks cos 0 


Hee 
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The studies showed that, because of the strong damping, the amplitude of the current in the 
wire decreases sharply as the coordinate z increases. This makes it possible to replace an 


Acpeereee long wire by a wire of finite length. Consequently, for large values of R, the 
unction 


7(8) = ; 


: <P 112 (47) 
cos o (1-1 an Tanah 


determines the characteristics of the directivity of a wire of finite length. We note that equa- 
tion (47) can be used for 0 << x/2. A study of function of (47) shows that the main part of 
the electromagnetic energy is concentrated in a cone whose generatrix forms a relatively 
small angle with the axis of the wire. 


The author considers it his pleasant duty to thank L. A. Vaynshteyn for his valuable 
advice and consideration of the results of this work. 
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WAVE PROPAGATION IN NONLINEAR LINES 
WITH DISPERSION 


R. V. Khokhlov 


The report is devoted to a study of the process of propagation of electromagnetic waves 
in nonlinear lines when the phase velocities of the fundamental and second harmonic compo- 
nents of the wave are close to one another while the velocities of the remaining harmonics are 
remote from them. A lossless line is analyzed in detail, and the role of attenuation in the 
system is examined. Analysis is performed on the basis of qualitative integration of the 
differential equations describing the process of parametric interaction of the harmonic com- 
ponents and also on the basis of their analytic solution for individual cases. 


INTRODUCTION 


Interest in wave processes in lines with nonlinear distributed parameters has increased 
considerably. This is explained by the possibilities offered by such lines in the creation of 
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new circuits for such devices as low-noise amplifiers and frequency converters. Thus, a 
number of authors [1-3] have examined in some detail the problems of parametric effects of 
amplification and frequency conversion in lines whose parameters vary in space and time as 
a traveling sinusoidal wave. One means of achieving such a change in parameters is the 
passage of a high-frequency signal ("boost"') through the line. However, this high-frequency 
signal itself may be distorted in the line and the nature of this distortion is a priori unknown. 

Another interesting problem closely associated with the process of wave propagation in 
nonlinear lines is that of frequency multiplication. Interaction of the wave and its harmonics 
leads to an interchange of energy and, as shown below, under certain conditions almost all 
the wave energy may be transformed to energy of one of the higher harmonic components. 
This circumstance may serve as the basis for creation of frequency multipliers. 

Thus, the problem of wave propagation in nonlinear lines acquires increasingly greater 
importance. 

It is necessary to distinguish two limiting cases — the case of a high-dispersion line and 
the case of a nondispersion line. 

In the second case the higher harmonic components arising due to nonlinearity of the 
parameters of the line have the same phase velocity as the fundamental. As a result there is 
strong interaction between the signal and all of its harmonic components; hence, in propaga- 
tion along the line there is a definite distribution of energy between these components and the 
fundamental signal. Consequently, the shape of the signal is distorted and takes the form of 
a shock wave [4-6]. 

In the case of the presence of dispersion only a few (in the simplest case, one) higher 
harmonics of the signal have a propagational velocity close to that of the fundamental compo- 
nent. Interaction is thus achieved only between these components and the fundamental, with 
the result that there occurs, generally speaking, a difference frequency-energy process. 

The present report is devoted to a study of this process in the simplest case, when only 
one, the second, harmonic of the signal has a phase velocity close to that of the fundamental 
component. It is of interest to mention that the case under discussion is essentially the 
space-time analog of the process of parametric interaction between two oscillatory modes of 
pendulum as analyzed in their time by A. A. Vitt and G. S. Gorelik [7]. 


1. DERIVATION OF PRINCIPAL EQUATIONS 


We shall limit discussion to a slightly nonlinear line in which the nonlinear parameter is 
the distributed capacitance, so that 


Q =CU + DU?, (1) 
where Q is line charge and U is voltage. Parameter D, characterizing the nonlinearity of the 
medium, is hereafter considered small. 

The difficulty of rigorous statement of the problem of wave propagation in a dispersive 


medium is well-known. Description by means of ordinary telegraph equations (with standard 
notation) 


Mi we He oe aU 

Oz ol GU, ie L ol (2) 
or their corollaries 

aU a2Q aU 

Gp 2? op ey 0) (3) 


are, generally speaking, nonuniform, since the parameters L, C, Gand D entering into them 
are functions of frequency w. Nevertheless, for linear and slightly nonlinear media this rela- 
tion may be dealt with directly at the level of equations for spectral components or of the 
shortened equations, respectively, by deriving them without consideration of this relation. 


Proceeding in this manner, we find that the wave process in the case under discussion is 
described by the expression 


U =U, cos [wt — yz + g,] + Us cos [2 (et — 12) + ol, (4) 


where amplitudes U, and U2 and phases Y and 9% are slowly varying functions of coordinate 
z. The quantity y is defined from (4) as 
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r= 0 SLC +1209), (5) 


where subscript 1 indicates that the parameter values are taken for frequency wand subscript 
2 indicates that the parameter values are taken for frequency 2w. It is hereby assumed that 
a line excited by whatever means at the input is matched at the output. Deriving in the usual 
manner the shortened equations describing the amplitude and phase behavior, we have 


U, + §,UU, sin © + ili = 0, 
30, + a BU, cos O = 0, (6) 
U,— pV? sin ® + 8,U, = 0, oe Bs pt cos ® == ((); 
where ® is the phase difference: 
D = 29,— Fai (7) 
parameter A characterizes the phase-velocity mismatch of partial systems: 
A ahs zs LCs ap. (8) 
61,2 are the coupling coefficients; 5),, are the damping coefficients: 


1 LDo? . 1 LGo 
p= 1 , $= yo 


(9) 


Applying the next-to-last equation in system (6) to the last equation in the same system, we 
obtain the phase equation 
@ [ a 
+A + | 28,0, Ba] cosD = 0. (10) 

In the above mentioned sense the shortened equations (6) and (10) are more rigorous then 
the initial telegraph equations (2). They completely describe the wave propagation process in 
a dispersive line when the only interacting components are those of the fundamental and the 
second harmonic. 

Equations (6) cannot be solved in closed form in the general case. Nevertheless, analysis 
of the process on the whole may be performed on the basis of examination of the different 
limiting cases. The ensuing sections of this report also discuss this problem. 


A 


2. QUALITATIVE ANALYSIS IN THE ABSENCE OF DAMPING 


In the absence of damping the system of equations (6) and (10) permit qualitative integra- 
tion in the phase plane. In this integration let us introduce the new variables 


w=Uj, r=U,sin®, y= U,cos®. (11) 
The system of equations (6) and (10) then take the form 
w= — 22 wr, & = Bw + Ay — 28,y*, y = — Ar + 2B,2y. (12) 


It is particularly important to note that the system of equations (12) gives us the first 
integral, which is in the nature of a law of conservation of energy. This relationship has the 
following form: 

By (x? + y?) + Bow = By (2 + yo) + Bavo = BU. (13) 


The constants Xo, Yo and wo introduced in (13) represent the input values of x, y and w, 
while Uy is the corresponding (in the energy sense) relative amplitude of the second harmonic 
component. Now, by means of (13), eliminating the value w from the second equation in (12), 


we arrive at the system 
x = B,US + Ay —B,2* — 3B,y’, 


; (14) 
y = — Ax + 2Biry. 


Dividing one of these equations into the other, we obtain the equation describing the behavior 
of the integral curves in the plane xy: 
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dz BiU2 + Ay — Biz — 38,y? (15) 
dyn x (2Biy — A) ; 


On the basis of this equation, examining the nature of the existing singular points, we may 
easily determine the behavior of the integral curves with different parameter ratios. This be- 
havior is represented in Figures la, 1b and 1 ¢ for the cases A= 0,1A1<28,; Uy and la | > 2B, Up. 

All integral curves reflecting the possible motion within the system are located within a 
closed integral curve, a circle with radius Uo. The integral curves external to this circle can- 
not be physically realized since they correspond to states with negative energy of the funda- 
mental component. Even this closed integral curve may be wholly realized only in the case 
|A| > 2 8, Uo (Figure 1c). Otherwise it passes through two singular saddle points intersected 
by another integral curve, the straight line y = A/2B,, that is, the separatrix (Figures la and 
1b). Motion (in the limiting case) is represented by that part of the circle delimited by the 
saddle points and the straight line joining them. 


Figure 1 


a) Behavior of integral curves of Eq. (15) in the case 

A = 0; b) behavior of integral curves of Eq.(15) in the 

case |A| < 28,U ; c) behavior of integral curves of Eq. 
(15) in the case lA| >28,Up. 


This means that if the system contains a strong wave field of double frequency, in the 
case |A| > 28, Up it does not have a parametric resonant action on the weak field of the 
fundamental component. The absence of such action is due to the fact that the phase- 
velocity mismatch , lies beyond the zone of parametric excitation of the fundamental compo- 
nent. In the region |A| < 26; Up there is parametric interaction of the partial wave systems, 
with the result that within the system there arise spatial beats between the fundamental and 
the second harmonic components. These beats are obtained as the result of excitation and 
build-up of oscillations of fundamental frequency and a corresponding drop in amplitude of the 
second harmonic. The phase velocities meanwhile vary in such manner that the fundamental 
component begins to excite the second harmonic, thereby suppressing itself to zero. After 
this the process is periodically repeated. 

With A = 0 all the energy of the second harmonic may be transferred to energy of the 
fundamental component and conversely (that is, full beats may occur). This is associated 
with the fact that an integral curve, the separatrix, in this case passes through the point 
x= 0, y =0, which corresponds to U2 = 0, 


ay aes 
It must be mentioned that the spatial beats also occur in the case of eccentricity in the 
ovals of the integral curves (Figure 1c) and are caused by the presence of definite interaction 


between the systems. However, this interaction is not a resonance phenomenon — the beats 
have little depth and period. 


In the case |A| < 28,Up there are two stable, stationary states in the system, corre- 
sponding to singular points of the center node type (Figures 1a and 1b) 


Ur=lnb Ui= V7 & Gi—w, cso =—1, 
(16) 


U=lnh Ui=V EUi—y, coso= +4, 
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where 


Tae ga Bae are (17) 


representing a synchronous wave process with constant amplitudes of the first and second 
harmonic components. One of them is cophasal and the other antiphasal. When A = 0, in both 
synchronous states the conveyed available power is distributed over the partial systems so 
that 


B.Ui = 28,03. (18) 


When A # 0 this symmetry in power distribution is disturbed. Compared with (18), in 
one of the synchronous states, the power is predominantly in the fundamental component, and 
in the other state, the power is predominantly in the second harmonic. 

All other possible states of the system are expressed as closed integral curves surround- 
ing two singular points and describing the process of spatial beats around these stationary 
states. 

With sufficiently large mismatch, when|A| > 28, Up (Figure 1c), the state with predomin- 
ance of power in the second harmonic vanishes and only the synchronous state characterized 
by predominance of power in the fundamental component remains. It is of interest to note 
that this remaining state (y; in Figure 1c), depending on the sign of mismatch, may be 
cophasal or antiphasal. If the phase velocity of the fundamental component in the absence of 
interaction is greater than the velocity of the harmonic, the remaining state is cophasal; if 
it is less than the harmonic velocity, it is antiphasal. 

The other possible states of the system are represented by the closed integral curves 
which surround the remaining singular point in this case. They describe the oscillations of 
amplitude and phase about the synchronous state, that is, spatial beats. One of the integral 
curves passes through the point x = 0, y = 9 at the phase plane. This trajectory describes 
the beat state characterizing total transfer of energy of the second harmonic to the first (but 
not the reverse). 

Thus, on the basis of an examination of the phasal behavior of movements in plane xy we 
may ascertain many of the typical features and characteristics of the system. A number of 
the characteristics of the system are not determinable by such analysis. The most important 
of these are the spatial extent and scales of the processes. In order to determine them the 
next section discusses several cases permitting analytical solution. 


é 
3. SCALES OF PROCESSES IN AN UNDAMPED SYSTEM 


It is evident that the nonelementary cases permitting analytical solution are limited to 
those of small amplitude and phase oscillation about synchronous states and to cases of 
motion along the trajectories Uz, = Up and y = A/28,. We shall discuss these cases separ- 
ately, and then use them as the basis for analysis of the spatial characteristics of pro- 
cesses in the general case of undamped systems. 

A. Motion along ellipses (close, closed trajectories) surrounding singular points x = 0, 
y = Yi,z2 in the case |A| < 2B, Up is evidently harmonic. The equations describing it may 
easily be obtained by linearizing Eqs. (14) about these points. For trajectories close to 
points x = 0, y = y2 (Figure 1b) we have 


ee eT n = oa, (19) 
where : ' . 
na=y—ys a=) 12+ A, b= — A+ SY 128105 + A* (20) 


From this it is evident that the wave number I of the spatial beats is defined by the 
relation 


T? = ab = (12B3U§ + A’) — 2 AY 12p203 + A? (21) 


It is easily verified that in the boundary case, when |A| = 28,Uo, the wave number 
vanishes. In cases of near-boundary values the wave number is 
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r? = + (4B203 — A%) + 2 (2B. — AP +... (22) 


In similar manner, obtaining the expression for the wave number of processes repre- 
sented by ellipses close to x = 0 and y = y;, we have 


re = +4 (12803 + A) +2 AV 128054 At. (23) 


With large values of mismatch |A| Ss V128,Up, when the parametric interaction between 
partial systems is extremely weak, 


iP exe iA, (24) 
that is, the beating process reduces to simple addition of two waves with the corresponding 
partial phase velocities. 

B. Motion along a limiting trajectory, where Uz = Up and U, = 0, is described by the 
phase equation 
@® + A+ 28:00 cos ® = 0. (25) 


This equation is solved in explicit form (for example, see reference [8]). In the case 
|A| < 2B, Up it describes the process of exponential transition from the stationary phase 


A 
@, = arc cos Came) (26) 


with positive value of sin $ to the stationary phase with negative value of sin &. Although this 
transition occupies an infinitely greath length z, it occurs chiefly at a length & of the order of 


1 
V 4g202 —A2 
The other part of the limiting trajectory in the case|A| < 2, Up is determined by the condition 
y = 4/2). Inserting it into the first equation of (14), we may obtain 


bi (27) 


. ° A2 
8 a (ii — —_ } — gs 28 
8 ieee) iad (28) 
The solution of Eq. (28) has the form 
ae aa ahem Ais 
zm y/ Us — Rateable — 2) y/ US see (29) 


where Zp is the integration constant. It describes the process of exponential transition of the 
system from the stationary state at circle Uz = Up with negative value of sin @ to the state 
Uz, = Up and sin®@ > 0. As in the case of motion along the arc of a circle, the length of this 
transition is infinite. However, as in the previous case, it occurs chiefly at a length of the 
order of that defined in relation (27). 

It is of interest to note that in the case A= 0 the solution just derived* corresponds to 
such boundary conditions when only the fundamental component of the wave field exists at the 
input and the second harmonic is completely absent. It follows from solution (29) that in this 
case the amplitude of the second harmonic rises monotonically and the amplitude of the fund- 
amental component is entirely suppressed. As a result all the energy transfers to the second 
harmonic. 

As follows from the qualitative examination presented in the preceding section, such a 
conclusion is not consistent. This is associated with the fact that the trajectory of solution 
(29) is a separatrix. Where the system converges on the stationary value U, = Uy), U,; =0 is 
not stable. Any small mismatch in phase velocity, fluctuation in amplitude of harmonics at 
the input, etc. will cause motion to occur along a closed trajectory which describes the spatial 


beats. The instability is caused by parametric excitation of oscillations of the fundamental 
component. 


*Solution (29) in the case A = 0 was also derived by B. Old and T. Caino (Stanford 


University, US). The author takes this opportunity to thank them for their interesting discus- 
sion of this solution. 


998 


In the case IA] > 2B; Up movement along the limiting trajectory U2 = 0 is stable and in this 
case there is no stationary value of phase (26). The phase has a definite mean increment per 
spatial period. Cos @ and sin & are periodic functions of distance, wherein the wave number is 


T=) A?— 49202, (30) 


On the basis of the above discussion of spatial processes at the limiting trajectories we 
may draw several conclusions concerning the extent of spatial beats in the general case. 

In the case|A| < 28, Up the trajectories immediately surrounding the nodal singular points 
possess the smallest spatial-beat period of the family of trajectories delimited by separa- 
trices. The wave numbers of the beat process in this case are defined by relations (21) and 
(23). In transition from trajectory to trajectory from a nodal point toward the separatrix the 
beat period increases to values of the order of (27) for trajectories near the separatrix. In 
the immediate vicinity of the separatrix itself the spatial period increases more rapidly, 
logarithmically approaching infinity with decreasing distance to the separatrix. 

The dependence of the beat period on amplitude in the case|A| > 261 Up at trajectories 
around the nodal singular point is also a monotonically increasing function. In the vicinity of 
the node the period is defined by relation (23), while at the limiting integral curve it is de- 
fined by relation (30). 

Thus, it may be considered that the extent of spatial beating has been qualitatively deter- 
mined in the general case also. 


4, INFLUENCE OF POWER DISSIPATION ON PROCESSES IN THE SYSTEM 


The foregoing discussion dealt with an undamped system. The general case with consid- 
eration of the influence of power dissipation in the system, when the damping coefficients 6, 
and 5, differ and are arbitrarily related to coupling coefficients 6, and 82, may be analyzed 
only by means of numerical integration of Eqs. (6) and (10). The analytical basis of this is 
found in the absence of an energy integral of the type (13). Such an integral exists only in the 
case where the damping coefficients 5; and 6, are equal: 


6; => 6; => 6. (31) 
Then the energy integral takes the form 


B (2* + y) + Bow = BU te. (32) 
However, even in this case, it is apparent that analysis of system behavior by any means 
other than on the basis of numerical integration is possible only in the case of complete 
equality of the partial phase velocities of the fundamental component of the wave field and its 
second harmonic (A = 0). In order to demonstrate this let us examine the equations defining 
the behavior of a system similar to the equations in (14). They have the form 


z= —ba+ Ay —By2*— 3By?+BUie™, 9 y = — dy — Art 2B zy. (33) 
Introducing the new dimensionless amplitudes X and Y according to the relation 
ce XUoeahe) yi nea * (34) 
and a new argument, the dimensionless "reduced" distance Z, by means of the relation 
28,U 
Z= eae (1 ae 2); (35) 
we may reduce the system of equations in (33) to the form 
, A eae es ps! (py IE ES Ie G6 
Ae sa as ee ee 2 et (36) 


where the dash denotes differentiation over the reduced distance Z. 

At first glance the system of equations (36) appears to have the form of the system (14), 
but it is considerably different. The difference lies in the dependence of the coefficients of 
the linear terms in the right members on the argument. This prohibits use of the method of 
qualitative integration at phase plane XY, as was done for the system in (14). The only 
possible case for analysis is the case of A = 0, which we shall now discuss. 
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In the case A= 0, Eqs. (36) take the form 
OX! = XP = BYt i de mes (37) 


which is the dimensionless form of (14) with A =0. Figure la represents the integral curves 
in this case at plane XY. The period of rotation of the imaging point along the closed integral 
curves is of the order of unity on the scale of the reduced distance Z. 

Let us explain the significance of the relative distance Z [relation (35) ]. 

If the system is undamped (5 = 0), the reduced distance is proportional to true distance 
from the input of the system, wherein the scale factor is the nonlinearity parameter B,Up. In 
this case as long as Z is small, nonlinearity of the system may generally be disregarded. It 
becomes significant only at values of Z of the order of unity. 

In the case 6 # 0 the relative distance is a nonlinear function of the real distance from the 
input; with an infinite increase in distance from the input it remains finite. There is a sub- 
stantial difference in the two cases: 28, Up > Sand the opposite case. The first case corre- 
sponds to the condition in which damping has little effect at distances where the nonlinearity is 
already significant. The relative distance at sufficiently large distances from the input of the 
system may have an extremely large value. The second case, conversely, is attained when non- 
linearity is slight. Parameter Z is then small at any distance from the input. 

DS; v 
Y, 


U, 


a S b : 


Figure 2. The spatial damped-beat process 
occurs near values of amplitude which are 
characteristic of synchronous states: 


a) case of small damping 5 < 28,Up; b) case 
of considerable damping 60> 26 Up. 


Thus, the relative distance Z characterizes the degree of occurrence of nonlinear prop- 
erties of the system: if it is of the order of unity or greater, there is considerable non- 
linearity; if it is small, there is little nonlinearity. 

It follows from the above observations that only in the case of 26) Up +5 may the imaging 
point at phase plane XY describe several revolutions over a closed trajectory, finally 
approaching a definite point on it characterized by Z,: 


28:U 
Wes 6 . (38) 


In the case of considerable damping 53-268, Uy the imaging point completes only a small 
arc along the trajectory, characterized by the interval Z (38). 

In particular, it must be noted that the spatial beat period increases with distance, which 
is the result of the nonlinear dependence of the reduced distance on the real distance. With 
sufficiently large damping the second and even the first "period'' may extend to infinity 
(Figure 2b). 

In the case under discussion, as in the case of no damping, there exist synchronous states 
cophasal and antiphasal, which are characterized by the solutions 


TL 5Re ee 
7 aoe oe 7 1 if z 
Uy =/V 38, Oe al V 3" Ovex (39) 


> 


and around which there may occur amplitude and phase oscillations — damped beats (Figure 2). 
As in the case of no damping, motion along the integral curves (separatrices) delimiting 

the possible energy states may be described analytically. One of these curves is character- 

ized by equality of the amplitude of the fundamental component to zero U,; = 0. In this case 


X?4+Y%=1 (40) 
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and Eqs. (37) are easily integrated. As a result the amplitudes of the second harmonic com- 
ponent x and y are described by the expressions 


Wigemes 


23,0 
oO — Ul, e—ottanbaet= (e825) = LON) yp == 
0 5 ( sy Wil, oe pees 2 (41) 
am 


~ cosh 


ie ic zs) 
where Zo is the distance characterized by passage of amplitude x through zero. 
Motion along the other separatrix, the equation of which is 
Y=0, (42) 
may also be described analytically. Inserting (42) into Eq. (37) and integrating, we have 


V = ul ae 
31 


l= = : 
cosh ois (eS? _ 52) 


ie aah oe Uae 
ie Ue *tanh-"— (a = E>), l 


(43) 


Plots representing the relationships in (41) and (43) are given in Figure 3. The boundary 
conditions therein are chosen close to the saddle point from which the motion begins. 


u UV 
Yorty 
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fia 
44 large 4% small 
a b 


Figure 3. Change in amplitude of harmonic 
components with distance in the case of mo- 
tion along separatrices: 


a) small damping; b) large damping. 


An examination of the curves shows that in thé case of small damping (Figure 3a) motion 
along the separatrix leads to a parametrically unstable state (with z + |x| SU)), whereas 
in the case of large damping (Figure 3b) motion along the separatrix leads to a stable state 
and may be achieved in practice. 

It follows from the observations of this section that in the general case of different, but 
small, damping coefficients, damping has little effect at distances of the order of one beat 
period. Hence, on the basis of a reasonable approximation, it is of interest to analyze the 
other extreme case, wherein at least one of the damping coefficients is large. 


5. CASE OF STRONG DAMPING IN A LINE 


Since in practical cases damping at a harmonic frequence is greater than damping of the 
fundamental component, in this section we shall discuss a case which may be of some interest 
when the damping coefficient 5, is large: 

ote lhy (44) 
and coefficient 5, is small and is of the order of the right-hand term in (44). 

In this case the equations [similar to those in (12)] describing the wave processes in the 

system 
w = —26,w— 2B,wr, c= — dyn + Bw + Ay — 2p,y', 


y = — bay — Ax + 28, zy (45) 
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may be simplified and their solutions analyzed. Proceeding to this simplification, we note 
that the most interesting region of mismatch of phase velocities is of the order of A® Bi,2 Uo. 
Turning our attention to this region, in the right-hand sides of the second and third equations 
of system (45) we may disregard the nonlinear terms and terms which are proportional to A. 
Then we have 


w = — 2d,w — 2B,wz, c = — dor + Bow, y = — dy. (46) 


In addition, the equation for the y components may be eliminated. This indicates that in the 
case of large damping at a harmonic frequency parametric correlation of the fundamental 
component is achieved only with the harmonic component x. The equations describing the 
wave process are somewhat simplified. 


-6,/6, Tm 


Figure 4. Behavior of integral 
curves of Eq. (47). 


It is simplest of all to analyze the general properties of the solutions of the system of the 
first two equations in (24) by qualitative integration at plane xw. Dividing one equation into 
the other, we obtain 


dz sxx — Bow 
dw 2w (d1.+ Biz) * 


(47) 


It must be kept in mind that by definition coordinate w can only be positive. The phase pat- 
terns of motion are easily plotted from Eq. (47) (Figure 4). All the integral curves flow into 
a curve characterizing the continuous change with a spatial scale 1/2 6, and the correspond- 
ing definite boundary conditions at the input. In order to derive its equation, it is necessary 
to assume that the change in x is slow and to disregard in the second equation of (46) the term 


x in comparison with 6,x. The resulting approximate equation for this integral curve has the 
form 


y= ee w. (48) 


The rate of approach of the imaging points along the fundamental integral curve to the 
curve of (48) is considerably greater than the rate of change along curve (48) and is charac- 
terized by the spatial scale 1/6,. 

From the phase pattern of motions we may establish the general character of interaction 
of the fundamental and second harmonic components with different boundary motions at the 
input of the system. 

From Figure 4 it is seen that if to the input there are applied a large signal of double 
frequency and a small signal of fundamental frequency, under certain phase relations (xy < 0, 


that is, sin ® < 0) this small signal is increased, reaching a maximum at a distance from the 
input of the order of 


and then decreases with increasing distance from the input. Let it be mentioned that the 
maximum possible gain in fundamental component is extremely small and does not exceed 
a few decibels, 


If, on the other hand, we apply the voltage of only the fundamental component at the input 
of the system, it rapidly excites the second harmonic, which at a distance of the order of 
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1/6, reaches a maximum of 


rm (50) 


and then slowly decreases exponentially with the index 26, . 

Thus, all possible excitations of components of the wave field occur at distances of the 
order of 1/5, from the input, after which the amplitudes slowly decrease with a specific, 
characteristic scale change equal to 126,. 


. 


CONCLUSIONS 


In the propagation of waves within a highly dispersive line with nonlinear distributed 
parameters between the different harmonic components parametric coupling occurs. In the 
case of near synchronism between the fundamental and second harmonic components (which 
is the subject of this report), this coupling generally leads to spatial energy beats between 
the components. In the case of equal damping of components there exist distinct synchronous 
stationary states in which there are no energy beats between the fundamental and second- 
harmonic components of the wave. There may be one or two such states, depending on the 
amount of mismatch in the partial phase velocities of the components: with small mismatch 
there are two and with sufficiently large mismatch there is one. In the case of equality of 
the partial phase velocities the power conveyed by the fundamental component in both syn- 
chronous states is twice as great as the power conveyed by the harmonic. 

The presence of two stationary states may be used for the creation of traveling-wave 
parameters — new memory elements for high-speed computers. Their switching time (from 
one stationary state to the other) may be substantially decreased in comparison with param- 
etrons of resonant type. 

The energy beats occur in the vicinity of values of amplitude and phase characteristic 
for stationary synchronous states. Power dissipation in the system leads not only to damp- 
ing of the wave process but also to an increase in the beat period, this increase being 
proportional to distance from the input. Finally, one of the periods proves to be the last — 
it extends to infinity. The beat-energy process also occurs in the case of heavy damping, 
although the beat amplitude therein is small. 
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CALCULATION OF THE PHASE VELOCITY OF WAVES 


IN AN ARTIFICIAL METAL DIELECTRIC WHEN THE 
CURRENT HARMONICS ON THE ELEMENTS 
OF THE STRUCTURE ARE CONSIDERED 


L. S. Benenson 


A generalized characteristic equation for the phase velocity of waves in an artificial 
metal dielectric is derived. This equation is suitable for the general case of an arbitrary 
distribution of the current on the elements of the structure. 

Corrections for the effect of the first current harmonic are computed for the phase 
velocity of waves in a system of infinitely long rods. 


INTRODUCTION 


In [1], it is shown that the method of induced emf can be used to compute the phase 
velocity of waves in an artificial metal dielectric. The characteristic equation is derived and 
analyzed in [1] on the basis of structures whose elements are thin cylindrical rods. The 
computation is simplified by assuming that the currents flowing at the surface of the rods 
have only an actual component and that their distribution is described by a certain real func- 
tion which remains constant throughout the cross section of the rod. Consequently, the 
practical applications of Eq. (32) of [1] is restricted to the case of thin rods with relatively 
large periods of the structure, under which condition this function is justified. 

It is desirable to derive a generalized characteristic equation suitable for the general 
case of an arbitrary current distribution in the rods. This would make it possible, in 
particular, to establish the limits of the practical applicability of the simple equation (32) in 
[1]. Let us consider this problem, restricting ourselves, as in [1], to the case of propaga- 
tion of waves along one of the axes of the structure (this case can be generalized to the case 
of an arbitrary direction of propagation by means of the method presented in [2]). Thus, 
instead of considering a three-dimensional structure, we shall be able to deal with an 
equivalent structure in the form of a one-dimensional lattice placed in a rectangular waveguide 
with two metal walls and two perfectly permeable walls. The axis of the waveguide coincides 
with the axis of the lattice, along which the wave propagates (the z-axis; see diagram). 

In principle, two methods can be followed in solving this problem. In the first method, 
the currents flowing on the surface of the elements of the structure are represented in the 
form of a superposition of orthogonal functions. In general the coefficients of this super- 
position are unknown. This makes it possible to approximate the arbitrary distribution of the 
current with any degree of accuracy, depending on the number of approximating functions. 
Consequently, the phase velocity can be obtained with great accuracy. In the second method, 
the current distribution in the elements of the structure is assumed to be known and identical 
to the distribution found from a preliminary solution of a simpler problem. Opviously, this 
identity of the currents can only be approximate. In reality, in the first method as well, itis 
necessary to speak of an approximation to the current's distribution, since the character- 
istic equation can be actually solved when the number of approximating functions is small. 
Below we shall consider both of these methods. 
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1. THE CURRENT DISTRIBUTION IN THE ELEMENTS OF THE STRUCTURE 
IS UNKNOWN BEFOREHAND 


In accordance with the above discussion, let us suppose that the currents K flowing at the 
surface of the structure elements are represented by a superposition of real functions ¥, form- 
ing a complete orthogonal system on this surface. Then, for the n-th element we can write 


ren — e—ihnL, y ajb;, (1) 
ie) 


where L, is the period of the lattice on the axis of the equivalent waveguide; h is the phase 
constant of the wave in the structure which must be determined; and aj is the amplitude of the 
j-th current harmonic. 


The total field produced by all the elements of the one-dimensional lattice in the equiva- 
lent waveguide is 


E{K} =|) E{K,} = >) 2a ,E, (3), (2) 
n es) 
where En v; represents the field generated by the current Y; which is distributed on the n-th 
element. This field must satisfy the boundary conditions at the surface of the equivalent wave- 


guide. 
At the surface sy of each element of the structure, the following boundary condition is 
satisfied: 


Eyac(K} = 0. (3) 


Then, multiplying (3) by Vp and integrating over the surface of an arbitrary element of the 
structure, for example, the zeroth element (i.e., the element near the origin of coordinates), 
and also taking into account (2), we obtain a system of homogeneous linear equations for the 
unknown amplitudes aj: 

> a; (S} en ae Zon, a = 0, p=1,2,..., (4) 


q} n 


where iri ang es 
Zon, pi = — Fa \ YrLn (p3} ds 
yee - ! (5) 
is the impedance which the current Vj, distributed on the zeroth element (with the surface 
So), encounters as a result of induction by the current Vp distributed on the n-th element; and 
T is a dimensional divisor which is equal to the perimeter of the cross section of the structure 
element and which is used to make the definition of the induced impedance identical with the 
generally accepted one. The condition for the existence of nontrivial solutions of system (4) 


is that the determinant of the system equals zero 
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Aoo, Ato,... 


6a 
Ale eeAli ere ian a) 
where sr 
Aq s==)) Omnia SLontors 
~P) 2 P) (6b) 


Equation (6a) is the characteristic equation for which we have been looking to determine the 
phase constant h of the waves in the structure. If the current distribution is described 
sufficiently well by the function, then (6a) becomes 


Avo = Ds GAL Hheen. 00 a 0. 


n 


(7) 


Equation (7) is the same as (15) obtained in [1]. Equation (6a) thus represents a general- 
ization of (15) to the case of an arbitrary current distribution, unknown beforehand, on the 
elements of the structure. In general, it is an infinite determinant, since (1) is an infinite 
series. Since, however, the current distribution of the elements cf the structure can be 
approximated, with sufficient accuracy for practical purposes, by a finite number of functions 
Yj in (1), the determinant (6a) will actually be of second to fourth order, and its solution will 
present no fundamental difficulties. The solution can be considerably simplified, if it is 
considered that in the majority of cases, the value h = hp in the 0-th approximation [when 
(6a) reduced to (7)] is fairly close to the true value. Thus, it is necessary to use (7) only to 
compute the correction to ho. Determinant (6a) can be solved by the method of successive 
approximations. Expanding (6a) in terms of the elements of the first row (or column) and 
transposing all the terms except the first to the right side, we write (6a) in the form 


N 


A ox (A) Boy (h) 
~ 2 Ok Ox (8) 
60) ae 


Here Bj, is the algebraic complement of the element Ajx. We obtain the 0-th approximation 
h = ho by solving (8) with the right member discarded, i.e., by solving the equation 


Aoo (h) = 0. (9) 
We find a correction to h = hg by solving (8) with h = ho substituted into the right-hand side. 
Thus, we have the equation 
N 
2 
>) ox (to) Box (Ao) 
k=1 


Bro (ho) : 


Acie (18) 


and so on. 


Since the free term in (9) is the quantity X99) — the radiation reaction of the elements of 
the structure (see for instance, Eq. (30) in [1]), the solution of Eq. (10) is the same as the 
solution of (9), but with a corrected value of X9,99 equal to 


N 
SAG) Beg Mie) 


7: = 11 
Koo, = Xoo, 00 + —— ( 


Boo (ho) 


Obviously, if there are detailed graphs of hy =f (Xo0,00), we can find h,; from them and 
hiss (Xo0,00)- 
The succeeding approximations are found in an analogous fashion. 


For our subsequent analysis of Eq. (6a), let us transform Eq. (6b) to a simpler form. 
We define 


Oye Wee rs 
G =| PjEm as (12) 


So 
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= the total emf produced by the n-th natural wave of equivalent waveguides and acting on the 
j-th component of the current distribution on the 0-th rod. Let us represent the field excited 


pee structure element by an expansion in terms of the natural wave of equivalent wave- 
guide: 


SColE: 1a > 7 a bp 
- : m (13) 
iI ‘> 
q Sa ay saa By Ke Vhoo iG 
™m 
where 
(nj) 


4 ‘ ; 5 > So > => => 
Chm = iN 1Pne* ie ws Nin oe \ {| tl a PE ch) i dS; 
sy (14) 


Zy, is the coordinate of the center of the n-th rod; a is the radius of the rod; S_ is the cross 
section of the waveguide; and m is the subsequent (consisting of one or several numbers) in- 
dicating the mode of the natural wave (positive). The subscript -m indicates an opposite 
wave in the m-th mode (for which the propagation constant is y-m = -Ym).* Using Eqs. (12) to 
(14), we obtain for Zoy,pj with n # 0: 


uf . ay 
— DV fomt Perm" 'Lz, n> 0, 
m mM 
ae 
N. 
m 


Zon, = 


(15) 


j —i 
Safe 0, 
m 


The quality Zoo, pj = Roo,pj + iXoo,pj cannot be expressed as easily. However, for its real 
part Roo,pj, which is equal to twice the mutual radiation power of the currents Vj and ¥p, we 
find, considering (13) and (14) 


. > > Sp = Pa ; * ; * 
Roori = Re | hy tbs) Hoe aS = Di ye mim” + fSnf Ed, (16) 
SiitS 12 Sef ant 


where S,, and S,2 are the cross sections of the equivalent waveguide to the left and to the 


right of the zeroth element; and P,, = = \ [Emon] dS => \ (Eicon See is the power carried 
Sia Sie 

along the axis of the waveguide by the natural waves with a subscript m in the direction z > 0 

and with a subscript -m (in the direction z < 0). The summation in Eq. (16) is taken only over 

the wave which propagates for the given dimensions of the waveguide. Let the wave with + m 

be normalized in such a way that for propagating waves 


Siete eee: 4, (17) 
Ee =) Bom, a — sh 
Then, for these waves, 
Ves aie 4P m, ae —— Fin (18) 
and 4 j 
Roo, pi = — Dy ae fom + fof). 
“tue (19) 
Using Eqs. (15) and (19) and summing the resulting geometric progressions, we find 
oo ; 
ee eel one tm —* 
» ee a | oN x ( 5) L,) + 
n=—0o m=0 pe (20) 


Item op (Imt® 5 15 ele aisle fn 
ONT ot ("3 — Le) + 5 1 RE a 
m m>t ue 


*See [3] (81.01) and [4] (XV. 26). 
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where t is the number of propagating wave modes. The function f can be both even 

for = fr Gis) 
and odd , i 
with respect to the z-axis. If GQ) and (2) satisfy simultaneously the same condition from 
(21), Eq. (20) will become 


S —thnL, 7 fea X vel = fi) fP) sin 7,,L, an 
ef oi on, pj = bA00, pj ‘2 N,,  coshL, —cos pes oa) 
ai a 
03) p() a an ( 
+ > ae ton, jn 
m>t m R=— 00 


If on the other hand ODD and fP) satisfy different conditions from (21), then, since 
Xoo,pj = Roo,pj = 9 in this case. we obtain 


‘ 


co oo ) fe 
yy eo thinli 7 Meas IIE sin AL, = 
Ot Pia J N,, coshL,—cosy,,L, 
Urea pores (22b) 
—ihnL 
ps et Zon, ip 
n=—oo 


The element A,; of determinant (6a) will obviously be of the form (22a) for j +p even, and 
in the form (22b) for j + p odd. 

Equations (22) are convenient for practical computations and can be used directly in com- 
puting (6a). As can be seen from (22a), the quantities X0,pj the self-reactances and mutual 
reactances of the current harmonics of the structure elements — will appear in Eq. (6a) as 
parameters. These quantities are completely determined by the geometry of the structure, 
and in general, they are known. However, it is possible as in the solution of Eq. (32) in [1], 
to consider Xoo ,99 aS an independent parameter. Then, easily solving Eq. (6a) for X9,90, we 
can find X9,90 as a function of h. Taking the inverse of this function, we obtain h = h (X90,09). 
Since Xoo,90 depends on the geometry of the structure, we can find the relation between the 
geometry of the structure andh, i.e., the solution of the characteristic equation. As dis- 
tinguished from the method of successive approximations presented ee this gives an 
exact solution of (6a) (for a given number of approximating functions 

Let us consider a specific example of a structure consisting of ae rods parallel to 
the y-axis. First of all, let us note that, if the current on the structure elements have only 
y-components (as is precisely the case for infinite rods), the complete system of natural 
waves in the equivalent waveguide will be described by the Hertzian vector = 


e eyly 
Then, the relationship between the field En and hae holding in addition to (17) has the form 


Bn = Ee? (23) 
for waves of both the propagating type and the damped types. 
Since we are considering the case where the waves in the structure propagate only in the 
direction of the z-axis, the function 4% must obviously be even with respect to the y- and 
z-axis. With respect to the x-axis, hes can be either even or odd. In the first case, Eq. 
(21a) holds, while in the second case Eq. (21b) holds. 


Let Y = cos pY (Y is measured from the x-axis). Setting 


yt! 2mnte —tYmz key (2m 
Hey= 75 C08 = —e 5 FN Hil ge = 3 hy RY 1 (2% ao (24) 


oe 


we find 


Nn ee Tm fP) 
No ANS @ 


=i "J, (ka) cos | pare cos =| = 1) Jara (=) 
(25) 
f® = (= 1)? f) 


ay m? 
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my, 
where T), (a) is Chebyshev's polynomial. 


For damped waves, Yq = idm, Om = kV (we ‘i —1. Using the equation 


T, (2) =e +iV1— 2) + [2 —iVt— 2)}, 


we find for f(P). 
a= sienlV Tato TT) go 


Suppose that the only propagating wave is a TEM wave for which Yn = % =k. In this 
case, Equation (22) will become, as a result of (25) and (26), 


foe} 
ae an L *00,pi J; (ka) J, (ka 
» e Zion 4) iL, 00 — ( ae J ) Pp (ka) 


n=—0o 00,00 JE (ka) 


x 


=e si cL, le To a D 
. : < ce mE, ee 41-3] ss (27a) 
Mm2>1 
Ay ee ea aaa ; 
sol GH + TV GY) + 


eee eo fc ee 


for p + j even, 


foo} 


BO Longs = Ronco (Vad oe a eae: is 
+d (Se en Nea tail a 
ey es ites een): | eee ee 
for p + j odd. . 


2. THE APPROXIMATE DISTRIBUTION OF THE CURRENT ON THE STRUCTURE 
ELEMENTS IS GIVEN 


In this method, it is most natural to give a current distribution which is the same as the 
current distribution in a single element placed in an equivalent waveguide excited by a TEM 
wave (or, which is entirely equivalent), the current distribution in an element of a two- 
dimensional lattice of rods on which a plane wave is incident normally). We shall consider 
the effect of the walls of the equivalent waveguide on the current distribution in the rod and 
we shall neglect only the influence of waves of higher modes excited by adjacent (along the 
waveguide axis) elements of the structure. As before, the current distribution will be of the 
form of Eq. (1), but the coefficients a(j) must be found beforehand from the system of linear 


equations of the method of induced emf: 


fP) 
D)4:Z0.n) = => D == (0541, 2 neuen9 (28) 
j 


where Zoo.pj and £{P) are defined by Eqs. (5) and (12). Since the current distribution is now 
known, the characteristic equation must be obtained in a somewhat different way, namely by 
multiplying Eq. (3) by ¥* = % ay Y, =a./ajy, Wp =1, rather than by individual functions 

Vp. It can be easily seen that as a result we obtain the equation 


>} 414 >) Ce Lenapi = 01 2) 
Dj n 
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or, using Eq. (22), for the inner sum, 


sin kL , 
CoRR, — va, Peat : nee eae tig)? (30) 
» aja As, 
$+p= odd. 
where 
fd 7), sinh a,,L, ; 
A= ewe iNn | cos hL, —cosh%mLzf ’ 
ff?) sinh, (31) 
A,=— LN woshL, 008 tL,” 


It can be easily seen that Me 01505 Roo, pi =R, and » 050° X co, ps8 X og represent the 
j+p=even j+p=even 


self-resistance (Roo) and the self-reactance (Xo9) of a rod in an equivalent waveguide (or a 
two-dimensional lattice) for a current distribution p = > Apt~p. Equation (30) can be solved 


in the same way as Eq. (32) from [1]. In the case of a lattice of infinite rods in which the 
current distribution is described by equation 


»=1-+a1cosq, (32) 
we obtain, in accordance with [5] 
(i) 7 4 
a, = 2 “0.0 40) — J, (ka), f= Fi; (ka), 
fo “00,11 (33) 
J (ka) J3 (ka) Roy’ "JE (ka) (ka? 
R as 0 ee Copel” in ew (ha)? : 
ee Neem ’ vie Neem’ oo,00 ~~ J 2 (ka) 2 pe 


The terms with Roo,;; can be neglected because of their small magnitude, while the re- 
maining correction terms can be transposed to the right side of Eq. (30) to make it easier to 
use the method of successive approximations. 
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THEORETICAL AND EXPERIMENTAL STUDIES 
OF HELICAL DIELECTRIC ANTENNAS 


V. P. Shestopalov, A. A. Bulgakov, B. M. Bulgakov 


The report describes theoretical and experimental studies of helical dielectric antennas. 
The Kirchhoff integral method is used in determining the radiation patterns of these antennas. 
Experiments in measurement of radiation patterns and current distribution along helical die- 
lectric antennas are described. 

It is shown that the increased delay of waves in a helical dielectric waveguide results in 
a more highly directive radiation of energy into space. By including a dielectric in the heli- 
cal antenna it is possible to reduce its geometric dimensions. 


INTRODUCTION 


Dielectric and helical antennas are well known in microwave techniques as traveling- 
wave antennas. They are segments of dielectric or helical waveguide along which there may 
be propagated electromagnetic waves with phase velocity % less than the velocity of light c 
in free space. The delay in an infinite dielectric waveguide at high frequencies is defined by 
the expression 

; = 
oe — Ve, 


where € is the dielectric constant of the waveguide material. In a helical waveguide the 
delay at high frequencies has the form 
¢ 4 

vp snp’ 

where w is the pitch of the helix. 

It is known that the longitudinal dimensions of a helical antenna are of the order of 
(1-3) X» (where Xo is the wavelength in free space) whereas a dielectric antenna has di- 
mensions of the order of (3-7) 9. 

In a helical dielectric waveguide the delay at high frequencies is defined by the formula 


c e+t14 il 

ee Vv 2 ‘snp * 
It may be expected that a helical dielectric antenna will possess the properties character- 
istic both of a helical antenna and a dielectric antenna. In particular, its geometric di- 
mensions with appropriate choice of ¢ and pitch y% must be less than in a helical antenna 
and in a dielectric antenna. 


1, THEORETICAL INVESTIGATION 


In determining the modes which may be propagated in an infinite helical dielectric wave- 
guide let us examine a system consisting of a ribbon helix of radius a. Let 6 represent the 
ribbon width, w the pitch of the helix and p its spacing. Within the helix there is a medium 
with dielectric constant ¢«, and magnetic permeability ;,; outside the helix there is a me- 
dium with ¢€2 and Mp. 

The dispersion equation of the investigated system is found by solving the boundary-value 
problem with the following boundary conditions: 
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EY|_ = E®| 


ce) Yo) 


(H® — 7) | 


r=a? ° lz=a ° = —a? 


(He He) eal (1) 


r=a ep 


where superscripts 1 and 2 refer to the regions inside and outside the helix, respectively; 
J, and j, are the surface current components at the anes The Fourier components for the 
longitudinal field components in the first region (0 < r < a) may be written in the form 
En = An lap e (eg Maes 
HE) = BOT, are ee @) 
and in the second region (r < a) 
E® — AK, (Tn r)e eine Bn? 3 ee 


3 
HO = BK, (rar) rem % 
where Qn 
v2 = §2 — kh; k = epho; ko = 73 
2 (4) 
Bra = Ba +n = =f, @ + 7 cot %; 
n(Ypr) and Ky (yr) are modified Bessel Naatenary 
Considering that 7 ~ 7?) =, and using (1), we find 
, B® 
Os oak al 2 fee zn (y,a)? Ton 
n ae 5 as, 7 
selina Ss Lo 
&2 1 it, 
mB e 
4) — i Lb Jan (Fn)? Ton Ke 
n a , 7 
i kya Cp ah LY 
Pe fe aK 
In (5) 
(2) 4 lien 
Figg Ke 
BR he 
I, bal, 
BY 1 Be hese K, 
in Ky aKa In 
Ty, a, 


Here and henceforth the arguments of ya of the modified Bessel functions are omitted. 
Using the variation method (references [1-4]) ,which in our case has the form 


Eaten Ee fen = 0, 
a2iigh Jan + Egnjon) |,a (6) 


we obtain the dispersion equation 


where LE (6) = 0, (7) 
co 
L (8) =— ») ij?, cos (#) x 
n=—oo n 
( Kn Ky 
* VU) Le trae lee 
k 8 7 7 ; 
1 nT oy Ky hn Ka make 
Pa] sip dng elon bee (8) 
Jen = Tog SHO) a eee OSD 
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The current distribution at the helix ribbon may be presented in the form 


in oe 
ee 2p 
= here a nh” (9) 
2 


Jan 


As is known, in L(8) the resonance term of an infinite sum and the nonresonnance resi- 

due may be isolated. Let us present the nonresonance part of L(8) in the form 
a 3 (4 Vag ore et 2 

5-2) (fa) ® ay, T poy (10) 


Bi Bs 
Subsequent discussion will be limited to the case where ¢€1; = €, €2=1, My = My =1, koa=kga. 
Solution of the dispersion equation in the zero-resonance region (n=0) is determined 
from the formulas 


2 
(102) 11 + (702) sin p In 
CG eee 


2 , 2 
KOK te pt (102) sin p In (11) 
D§, 


] / 4 
(%o2)? = (Ba)? —= (kya)?, kya = Tot Q (Toa) , Boa = Tot 1 + (Tea) 


(Yo a must be taken in the limits 0 < yopa < 0.6). 
In the region of first resonance (n = -1) 


B_a= ae » ka =}/(B_a)*— (7_,a)*, 


ligt? eee 2 a (il 2 
t= H(% + Gppzsin vlnz), P= Gap asin Bing + om, 


a= ae » Gn = — (7_,@) 1,Ky, 
Ae rs 2 
6 = (7_,2)*% te p + [(1_,2)* tg 2 + 1] 7? Tpesin lng + 
, 2 
+ (ra)'|jsin Ying — on], 


1 K 4 


Mime, 4 ’ We Fg oer (0<7_,4< 0,6). 
ipayoua (12) 


Figure 1. Dispersion curves of helical dielectric waveguide: 
a) ctg » = 8.42; b) ctg p= 5.16; 1) € = 1; 
2) €=4,5; 3) €= 20; 4)€=81. 
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Figures la and 1b give dispersion curves plotted from (7) - (i023) « The presence of the 
dielectric has a strong effect on the phase veloctiy of waves in the helical dielectric wave- 


guide. 


2. RADIATION PATTERNS 


Let us determine the radiation pattern of a helical dielectric antenna by the Kirchhoff 
integral method. The Ey field in the far zone will be defined as follows: 


Loris er One elk on 
J 


ees: eee 13 
ee a 0 
0 0 


where )g is the length of the slow wave, R is the distance to the point of observation, 

© and @ are angles in the spherical system of coordinates, © is the azimuth angle over the 
cylindrical surface of the antenna / is the length of the antenna, and V is independent of z. 
Integrating (13) for z, we obtain the system factor, identical for all traveling-wave an- 
tennas, 


(eaie) (14) 


koa 1 
In our case ~~ is small and |F, (© ) | is extremely close to a sine curve. 
After calculations similar to those in reference [5.], we find the expression for the 
radiation field in the far zone 


=> eikeR \ 


ae V (9, 8, O) dO. eS) 
) 


The field components in the spherical system of coordinates have the form 


Eg = x cos @ {A?K, (inl) I, ace V ad B® K,, (YnR)cos @ (J, -+ Js) - 


zs 
+ 24 | APSE KA (ra) + BE TK, (ra) | J, sin (@)} 17,0) 

(16) 
E,=xsin {4K (Ynkt) cos @ (J, + Je) + 2i ES =o Kn (Ynit) — 
— BP 2K, (rR) |sin ©J, + V/ & BOK, (rn) Jo— J) HF) 

where Jo, Jy and J are Bessel functions of the first kind with the argument ka sin @. 
Figure 2 shows radiation patterns calculated from the formula 
Fat Ee 
(+E) nan ce 


For Fg 9 =0, for E32 p=xn/2. The patterns in Figure 2a, 2b and 2c correspond to 
n = 0. In the zero resonance state the antenna does not radiate directionally (Figure 2a, 
ka = 0.361, € =1, ka/ctg ~»=0.07). The chosen point is located at the boundary of the 
region of the zeroth and first resonances and for systems with large delay the radiation 
pattern is directional (Figure 2b, ka = 0.55, « =1, ka/ctg w = 0.065; Figure 2c, ka= 


=0. 361, €=4.5, ka/ctg W=0.07). The radiation patterns are symmetrical relative to 
the antenna axis. 


1014 


The curves in Figures 2d, 2e, 2f are plotted for n=-1, ka = 0.742, ctg »W=5.16. From 
an examination of the dispersion curves in Figure 1 it is seen that three values of Boa (or 
B, a) correspond to one value of ka. For Figure 2d 8 12 = -1.265, ¢€=1 and the delay is 
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Figure 2. Radiation patterns of helical di- 
electric antenna, calculated from formulas 
(16) and (17 ) 


greater than unity. For Figure 2e 8 ,a=-0.88, €=1, wy~ec . In the first case we have 
directional radiation and in the second case we have nondirectional radiation. If in the sec- 
ond triangle we chose a point with the same ka = 0.742, B8., a= 0.75, the radiation pattern 
will be a mirror image of Figure 2e. For Figure 2f 8 ,a=1.55, ¢€ =4.5 and the delay is 
maximum. The radiation pattern is the narrowest of these last three cases. Figure 2¢ 
(€=20) (ka=0.361, ctg w=5.16) show that with an increase in delay the radiation pattern 
changes from nondirectional to directional with constant kya = 2 Ta/ do. With fixed an- 
tenna dimensions an increase in delay corresponds to a shift into the low-frequency region. 
For the region n=-1 the axes of the radiation patterns do not coincide with the axis of the 
system. 


3. PRACTICAL RADIATION PATTERNS AND CURRENT DISTRIBUTION 


In order to check the calculation, the radiation patterns and current distribution along 
the antenna were measured for helics with ctg = 4.13, 5.16, 8.42 and with ¢€=1, 4.5, 
20, 81. In all tests the helix dimensions were constant (J=14 cm, 2a = 4.6 cm) and the 
wavelength was varied. 

Figure 3 shows the block diagram of the measurement setup.. RF energy from a GS-12 
signal generator was fed through a long line and matching transformer to the antenna. An 
antenna of waveguide type for wavelengths of 10-25 cm with demountable dipole array and a 
logarithmic antenna for wavelengths of 19-80 cm were used at the receiving end. The re- 
ceiving antenna could be rotated about the horizontal axis for plotting the polarization char- 
acteristics. The detector was placed directly at the ends of the antenna. The energy was 
led along a 10 m cable to a sensitive DC galvanometer. The matching and feed devices 
were a copper tube (approximately 50 cm in length and 30 mm in diameter) which formed 
a 150 ohm coaxial line with the helix conductor. The central conductor was supported on 
two discs of organic glass. Into the line there was introduced an RK-50 cable (150 ohms) 
which was joined with a section of RK-2 cable (100 ohms) approximately 7 cm long and then 
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with a standard cable (75o0hms). An adjustable inductance-type probe was used in plotting 


the field pattern. 
4 ) 
HEH} 0000 TOO ce 
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Block diagram of 
measurement setup: 1, r-f 
generator; 2, long line; 3, 
matching device; 4, antenna; 
5, receiving antenna; 6 ad- 
justable probe. 


Figure 3. 


Figure 4 shows the results of measurements of a helical antenna with € = 1‘ and 
ctg ~=5.16. These measurements are in excellent agreement with those given in refer- 
ence [5]. In the region of second resonance (Figure 4a) the reflection coefficients are 
other than zero. Figures 4b and 4c correspond to the first resonance. A traveling wave 
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Figure 4, Experimental radiation patterns and 

current distribution along a helical antenna (e=1, 

ctg ~=5.16). The dashed lines indicate theoretical 
radiation patterns. 


1016 


was established along the antenna. In regions close to the zeroth resonance standing waves 
were observed over the entire length of the antenna. The dashed lines in Figure 4 represent 
the theoretical radiation patterns. The experimental and theoretical curves show excellent 
coincidence. Here, as subsequently, one of the causes of a certain noncoincidence of the 
theoretical and experimental curves lies in the fact that in calculating the radiation patterns 
by the eae one integral method the metal reflector used in the experiment was not taken into 
account. 
Figures 5 and 6 give the curves of the radiation patterns of helical dielectric antennas 
{ for different dielectrics. It is seen from the curves that with directional radiation there are 
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Figure 5. Experimental 
radiation patterns and cur- 
rent distribution along a 
helical dielectric antenna 
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Figure 6. Experimental 
radiation patterns and cur- 
rent distribution along a 
helical dielectric antenna 
(€ = 20, ctg W=8.4): a, 
region of first resonance; 
b,c, region of zeroth res- 
onance. Dashed line indi- 
cates theoretical radiation 
pattern. 
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traveling and standing waves along the antenna. With fixed antenna dimensions, the greater 
€, the greater the displacement of directional radiation toward low frequencies. With the 
introduction of the dielectric a contraction of the range of directional radiation is observed. 
The radiation patterns coincide in shape with the design patterns; the chief departure is ob- 
served in the angles of deviation of the radiation pattern axis from the antenna axis. 

Figure 7 presents the results of measurements of a helical dielectric antenna the inner 
region of which is filled with water. Strong attenuation is observed in the short-wave sector. 
Figures 7a and 7b correspond to the regions of the third and second resonances. In these 
regions introduction of the dielectric permits obtaining a direction radiation pattern. In the 
region of first resonance (Figures 7c and 7d) there is observed displacement of the major 
maximum of the radiation pattern from the antenna axis. The range of directional radiation 
is markedly contracted. Figure 7e corresponds to the region of zeroth resonance. 
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Figure 7. Experimental radiation patterns and 
current distribution along helical dielectric an- 
tenna (€ =81, ctg yw =5.16): a, b, region of third 
and second resonances; c, d, regionof first res- 

Onance; e, region of zeroth resonance. 
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CONCLUSIONS 


Theoretical and experimental investigations of a helical dielectric antenna have shown 
the following. 

1. Introduction of a dielectric into a helical waveguide considerably decreases the phase 
velocity of electromagnetic waves and increases the delay. 

2. An increase in the delay of waves in a helical dielectric waveguide leads to greater 
directional radiation of energy in space. 

3. Introduction of the dielectric shifts the axis of the radiation pattern from the antenna 

, axis. This fact has been verified by experiment, although there is no quantitative coincidence 
of theory with experiment. Physically, this phenomenon may be explained by the fact that the 
radiated electromagnetic waves are asymmetrical along the helix azimuth. 

4. Introduction of the dielectric into the helical antenna permits a decrease in antenna 
dimensions by almost Ve times, but this is accompanied by a decrease in the bandwidth 
passed by the system. 

5. In order to increase the passband in the investigated antenna, instead of a solid di- 


electric rod within the helix there may be used a laminated dielectric or magnetodielectric 
medium. 
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SPHERICAL TWO-MIRROR ANTENNAS 
L. D. Bakhrakh, I. V. Vavilova 


The report discusses spherical two-mirror antennas, which permit undistorted 
scanning of the directivity pattern within a wide sector. Such systems are of great promise 
for the creation of large antennas (e.g., in radio telescopes). 

Two methods for calculation of the profile of a small mirror are presented: (1) by 
means of focal curves; (2) by the wavefront method. For two-mirror antennas the wave- 
front method is modified in order to avoid solution of auxiliary differential equations. The 
optimum relationships between aperture efficiency of a spherical mirror and the dimensions 
of a small mirror are discussed. The problem of influence of accuracy of installation of the 
system elements (radiator and small mirror) on the antenna characteristics is analyzed. 


INTRODUCTION 


Of extreme importance at this time are problems associated with the creation of large 
mirror antennas in which scanning of the beam is achieved by displacement of small masses. 

In this connection much attention is being devoted to spherical mirror antennas in which 
scanning of the directivity pattern is achieved by displacement of the radiator relative to the 
center of a spherical surface. Due to symmetry, the surface-utilization factor of the mirror 
is unchanged (Figure 1). However, the value of the surface-utilization factor of the mirror 
of a single-mirror spherical antenna depends substantially on the width of the directivity 
pattern and the angle of scan. This is obvious, since only that part of a spherical mirror 
may be used in which the reflection-phase errors at the edges do not exceed the allowable 
values. The calculations for a spherical mirror in which the optimum radiator position was 
chosen for a given pattern width have shown that with narrow patterns the mirror efficiency 
is extremely low and increases somewhat with wider patterns. 

Figure 2 gives the curve for dependence of the ratio of effective aperture size to sphere 
diameter D,,/D on width of pattern ¥. The curve is obtained on the condition that the phase 
error does not exceed A/8 within the limits of the effective aperture. 

The curves in Figure 3 show the aperture efficiency K = Dp/AB as a function of total 
angle of scan for different widths of radiation pattern (designations are given in Figure 1). 
Let us note that the value of aperture efficiency as given in the figure does not take into 
account the distribution of amplitudes at the aperture. The disadvantages of a single-mirror 
spherical system associated with low mirror efficiency in the scan of narrow patterns may 
be completely eliminated by use of the spherical two-mirror antenna proposed by us in 1951 
and described in 1954 (reference [1]). 

Recent literature reports on the development of a radio telescope operating on a similar 
principle [2] and on a variant of the cylindrical canal system [3]. 

The present report is devoted to the principal problems of calculation and design of a 
spherical two-mirror system. Special attention is given to problems associated with de- 
creasing the dimensions of the small mirror and to the influence of accuracy of installation of 
the individual elements of the system on its directivity. These problems may prove to be of 
extreme importance in designing large antennas, particularly for radio telescopes with high 
resolution. 

In the general case for scan of a radiation pattern of special shape the large mirror may 
be part of a toroidal surface with a given generatrix and the small mirror may be calculated 
correspondingly [4]. However, the present report is limited to discussion of spherical 
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two-mirror systems designed for shaping and control of a needle beam. 


1, OPERATING PRINCIPLE OF A SPHERICAL TWO-MIRROR SYSTEM 


A spherical two-mirror system consists of two mirrors: a large spherical mirror con- 
centrating energy in the principal direction and a small mirror which disperses toward the 
large mirror the energy incident from the radiator. The small mirror is so calculated that 
at the aperture of the spherical mirror there is formed a 
* plane wavefront. There is no phase error in the system. 
Hence, the aperture efficiency and the sector of scan do 
not depend on the width of the radiation pattern. This is 
an extremely important factor, giving the spherical two- 
mirror a distinct advantage over the spherical one-mirror 
system. 

Scan of the radiation pattern in a spherical two- 
mirror system is achieved by rotating the small mirror 
along with the radiator relative to the center of the 
spherical mirror. It is evident that by virtue of sym- 
metry there will be no distortion of the pattern and its 
maximum will be deflected by the angle of rotation of the 
small mirror with the radiator (Figure 4). 

For a spherical two-mirror system it is important to 
establish how completely the small mirror and radiator 
can intercept the beam of rays reflected from the large Figure 1. Toward determining 
mirror. It is also important to determine the resulting the surface-utilization factor 
efficiency of the large mirror and the extent to which the of a mirror. 
small mirror shadows the rays reflected from the large 
mirror. In principle the large mirror may be in the form of a hemisphere, but it is not pos- 
sible to use the entire mirror. In fact, parallel rays striking the spherical mirror are re- 
flected from the latter at different angles ¢. In this case, when 2¢ < 1/2 (the angle between 
the incident and the reflected ray of the spherical mirror) the small mirror can reflect rays, 
but when 29” > 71/2, one part of the small mirror will shadow the other (Figure 4). 
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Figure2. Ratioofaperture Figure 3. Aperture efficiency as 
to sphere diameter as a a function of total angle of scan for 
function of width of radia- differ ent widths of radiation pattern 


tion pattern. 


Thus, the maximum effective aperture Dp in a spherical two-mirror system is limited by 
the side of the inscribed square and is equal to 1.41 Ro. It is evident that in the scan of the 
radiation pattern the entire aperture AB of the mirror must be greater than 1.41 Ro. 

The aperture AB of a spherical mirror depends on the angle of scan of the pattern 2 a 
(Figure 4). 

From geometric considerations it follows that if the effective aperture Dp = 1.41o, 

2 Ro 


y 


AB (sin & -+ COs o) (1) 
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Figure 4. Spherical two- 
mirror antenna. 


and, consequently, the aperture efficiency K = Dp/AB may 
be determined from 


. 4 
> sine pcos” (2) 
Figure 5 gives the plot of the function K = f(270) 5 

It is easily seen that with an increase in the sector of 
scan (to approximately + 20°) the aperture efficiency at first 
drops quite sharply, after which further decrease in aper- 
ture efficiency occurs quite slowly. 

It is evident that in principle such a system may per- 
mit control of the beam not only in one plane but in a solid 
angle, wherein the maximum possible solid angle is 90° 
with an aperture efficiency of 0.7, Here the large mirror 
must be a hemisphere. 

If the large spherical mirror is made of a polarized 
grating in which the conductor is oriented at an angle of 45° 
(as was done in the toroidal single-mirror antennas in 


[5 and 6], on the basis of a spherical two-mirror antenna we may construct a system providing 


control of the beam within the complete solid angle. 


Calculations show that in such a sys- 


tem an effective aperture of 0.7 D may be obtained. 


2. METHODS OF CALCULATING A SPHERICAL TWO-MIRROR SYSTEM 


Calculation of a spherical two-mirror system for shaping of a needle-shaped radiation 
pattern reduces to calculation of the profile of the small mirror, for in this case the latter 


represents a surface of rotation. 


1 


UK 
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Figure 5. Aperture efficiency 
as a function of angle of scan 
of the pattern for Dp = 1.41 Ro. 


In order to solve the problem it is necessary to give the 
position of the radiator and one of the points of the small 
mirror profile. The large mirror profile, a circle, is 
known and the incident wavefront at the large mirror is 
assumed to be plane. 

Calculation of the small mirror profile is best per- 
formed by the following two methods: the focal-curve 
method and the wavefront method. 

The first method is an extension of the partial-foci 
method [7]. ‘Partial focus' is the conventional term for 
the point of convergence of rays reflected from a segment 
of the large mirror. The focal surface in the tridimensional 
case and the focal curve in the bidimensional case are the 
locus of the partial foci. We will note that in the case of 
calculation of two-mirror systems knowledge of the foci 


surface permits proper selection of initial data for calculation of the small mirror so that its 
dimensions are close to optimum. In the bidimensional case the focal curves or caustics are 


evolutes — the locus of centers of curvature of the wavefront. 


curve in vector form is 


where 


The equation for the focal 


Fa Ble Mas (3) 


COS ® 


M = ecg 


’ 


k, and k, are the curvatures of the reflector and the incident wavefront, respectively; @ is the 
angle of incidence of the wave; a, is the direction of the reflected ray. 


It is sometimes convenient to determine the focal curve in parametric form. In the case 
under discussion this is easily done. 


Let parallel rays be incident at the large mirror. Then from Figure 6 we have the 


relations 
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(4) 


Vs) = Ro sin Qg, 
X, = R,cosg, 
Y, = R, sing + R,cos gdg, (6) 
X, = R, cosp— R, sin g dg, ) 
2 
tg y1 = tany + cos ag * (6) 


Inserting expressions (5) and (6) into the system of equations in (4) and solving them 
simultaneously, we obtain the equations for the focal curve 


Aces tee) (7) 


Y =sin’@Ro. 


Having found the focal curve and being given a point on the small mirror and the position 
of the radiator, it is not difficult to plot the profile of the small mirror. 

The profile of the small mirror is none other than an envelope of ellipses or hyperbolas, 
one of the foci of which coincides with the position of the radiator and the second is located on 
the focal curve at the point of contact of the ray reflected from 
the large mirror. 

If the small mirror is located in front of the focal curve 
(prefocal region), its profile is described by an envelope of 
hyperbolas; if it is located in the postfocal region, its profile 
is described by an envelope of ellipses. 

The focal-curve method is extremely convenient in plot- 
ting the profile of the small mirror. 

The second method of calculation of the small mirror is 
based on the wavefront method [8], which in turn is based on 
the widely known work of Hamilton. The essentials of this 
method are as follows. If any two of three surfaces (the 
incident wavefront, the reflector and the reflected wavefront) 
are known, the third surface may be determined. The wave- 
front method employs vector representation of the surfaces. 
Let us designate the surface of the incident wavefront as X, 
the reflector surface as R, and the surface of the reflected 


wavefront as Y. If, for example, we know X and R, the Figure 6. Toward deter- 
equation for the third surface Y is found from mination of the focal curve. 
¥ =X —2n(q(R—X)), (8) 


where 7 is the unit normal to the reflector surface. Pe, 
If X and Y are known, we can obtain the expression for R: 


Buy [oo —(¥ — XY] (9) 
2[¢ +(¥ —X) E] 


where C is the total path of the ray from the incident wavefront to reflected wavefront. 

Let us note that the surfaces Y or R in the general case are functions of four independent 
parameters. Thus, Y = Y (u, v, s, t), since tex (u, v) and R= R(s, t). Hence, it is 
necessary to establish the additional relationship between parameters u, vands, t. Itis 
established from the condition of perpendicularity of the rays and wavefronts by solution of 


the equations 
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(10) 


where x and ee are partial derivatives for the corresponding parameter. In solving prob- 
lems by the wavefront method it is desirable that the wavefronts and reflecting surfaces be so 
chosen as to avoid solution of the equations in (10) wherever possible. With reference to two- 
mirror calculations (particularly for calculation of the small mirror) the wavefront method 
has been modified by us so that each point of the surface can be calculated separately. The 
wavefront method is particularly convenient in those cases where the surface of the large 
mirror and the incident wavefront may easily be expressed analytically. 

Two-mirror antenna calculations deal with two reflecting surfaces and three wavefronts, 
one of which is intermediate. Application of the wavefront method to the calculation of two- 
mirror systems consists in judiciously combining procedures wherein the system is first 
examined as a receiving antenna and, in the final stage, as a transmitting antenna. The 
small-mirror calculations may be performed with the use of nondifferential vector equations. 

In a spherical two-mirror system small-mirror calculations by the wavefront method 
must be divided into two stages: (1) in receiver operation of the system, the reflected wave- 
front Y is determined for a given plane wavefront X, incident at the large spherical mirror 
Ry; (2) in transmitter operation, the surface of the small mirror Kg is determined for the 
given spherical_wavefront X, incident at the small mirror from the radiator and for the 
reflected front Y as determined from the first stage of calculation. 

As was mentioned above, in the case under discussion the small mirror represents a 
surface of rotation and the problem reduces to determining the profile at the plane. It is more 
rational to solve the problem by using the polar system of coordinates. The radius of the 
large mirror is taken as unity. 

Then, from’ Kigure.7, 


Re cos Oi. + sin 87, 


X=) Eine ‘fe (11) 


1 


7 = cos Oi + sin @/. 
Inserting (11) into (8), we obtain the equation for the reflected wavefront ve 
Yes Yate oh 
’ Y, == [1 — 2 cos? @(1 — cos @)], (12) 
Y, = [sin 8 — sin 20 (1 — cos ®)]. 


The spherical wavefront X, is conveniently examined di- 
rectly at the point of location of the radiator, that is, 


Kad: (13) 


In such examination condition (10) is automatically fulfilled. 
The unit normal to the reflected front, directed along the re- 
flected ray, is defined as 


eo —=C0s 207 — sin 20/7. 


(14) 
Inserting (12), (13) and (14) into expression (9), we obtain 


the equations for determining the coordinates of the profile of 
the small mirror: 


Ee = Y= cos) 2675 


(15) 
Wig Sa Ny = Silty ASIP 
where 
Figure 7. Toward deter- 
mining the surface of the pee C= |e Oo YG) ; 
small mirror. 2 [€ —cos 26(Y, —d) — sin 28Y |” (16) 
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C is the length of path from front Y; to front X,. As is seen from Figure 7, 
C =1 — 2k +d, (17) 


where k is the distance from the center of the spherical mirror to the phase center of the 
radiator. 

The equations derived by the wavefront method not only permit relatively simple small- 
mirror calculation but also permit us to determine the most rational position of system ele- 
ments as well as the influence of accuracy of installation of the elements on its directivity. 


3. SPECIAL ASPECTS IN DESIGNING A SPHERICAL TWO-MIRROR SYSTEM 


In designing a spherical two-mirror system it must be kept in mind that the amount of 
shadowing of the reflected rays from the large mirror by the small mirror is extremely 
important in obtaining an undistorted radiation pattern. Calculations show that the ratio of 
the aperture of the small mirror to the value of effective aperture of the large mirror must 
not exceed 0.25. It should also be kept in mind that the aperture of the small mirror must be 
less than 4-5 A, otherwise the calculations by geometric optics become incorrect. 

Moreover, it is important that the rays reflected by the small mirror do not undergo 
reflection from its opposite rim. This condition is always observed if the profile of the 
small mirror does not intercept the focal curve. 

The value of effective aperture D, in a spherical two-mirror system is closely associated 
with its geometric dimensions — the position of the aperture of the small mirror Rxp, the 
width of its aperture 2Ryp, the position of the radiator. Formulas (15) for calculation of the 
small-mirror profile, obtained by the wavefront method, permit us to establish the relation 
between angle @ (the sine of which determines the ratio of the effective aperture of the diam- 
eter of the large mirror Dp/D) and the values of Rxp and Ryp. 

In effect, for each fixed value of Ryp we may calculate from formulas (15) the relation 


8 = f (Rap). 


In the calculation it must be kept in mind that the profile of the smail mirror must not 
intercept the focal plane as defined in Equation (7). Hence, for each value of Ryp we find 
those extreme values of Rxp for which Ryp = y, where y is the ordinate of the corresponding 
point on the focal curve. On these assumptions, for a given small-mirror aperture 2Ryp we 
obtain the maximum value of effective aperture Dp of the large mirror. 

Figure 8 presents the curves for 8 = f (Rxp) as calculated with the above consideration. 
The curves on the right-hand side are for small mirrors located in the prefocal region and the 
curves on the left-hand side are for small mirrors in the postfocal region. The curves permit 
us to conclude that with one and the same small-mirror dimensions the greatest ratio of Dp/D 
is obtained in those cases where the small mirror is located in the postfocal region. 

Strictly speaking, the maximum possible effective aperture Dp, equal to 0.707 D (@= 45°), 
is obtained with Rxp = 0.707 Ro and 2Ryp = 0.43 D. However, with a decrease of 2Ryp to 0.18 
D the effective aperture of the large mirror is 0.7 D, that is, it is practically unchanged. 

With a decrease in size of the small mirror to 2Ryp = 0.05 D the effective aperture of 
the large mirror decreases to 0.575 D, that is, by 18%. The above observation refers to 
mirrors located in the postfocal region. 

Figure 9 shows a spherical two-mirror system with small mirrors calculated to provide 
an effective aperture of 0.7 D (mirror No. 1) and 0.575 D (mirror No. 2). 

With a decrease in size of the small mirror the optimum value of Rxp also decreases. It 
is particularly important that this be kept in mind in designing large antennas, since a 
decrease in dimensions of the steerable part mgy considerably facilitate construction and re- 
duce cost while the accompanying decrease in aperture efficiency K is insignificant. Figure 
10 shows the dependence of decrease in aperture efficiency AK on the sector of scan 2 Q, 
which dependence is determined by a change in small-mirror aperture size from 0.18 D to 
0.05 D. It is seen from the curve that with a sector of scan of 90° the aperture efficiency 
decreases by 16%. 

Choice of the position of the radiator in a spherical two-mirror system is governed by the 
following considerations. 
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Figure 8. Curves for angle 6 as a function of position Rxp 
of small-mirror aperture for different aperture values: 


1, 2Ryp = 0.05 D; 2, 2Ryp= 0.1 D; 3, 2Ryp= 0.15 D; 4, 
2Ryp = 0.18 D; 5, 2Ryp = 0.2 D; 6, 2Ryp = 0.25 D. 


Physical considerations require that in expression (17) C > 0. For small mirrors located 
in the postfocal region k < 0.5. Consequently, in this case d<C. For mirrors located in 
the prefocal region k > 0.5 andd >C. It is most advisable to place the radiator near the 
aperture of the small mirror. 


Summing up the above remarks, we may recommend the following sequence in design and 
calculation of a spherical two-mirror system. 


| 


OK, % 

16} 
1% 

S rk 
~ iu 
s 6 
6 
4 
L 2 


C20 OMS ORD De 


Figure 9. Spherical two-mirror Figure 10. Dependence of 
system with small mirrors: decrease in aperture ef- 


1) Mirror No.1; 2) mirror No. 2. see Ss Cece of scan 
of directivity pattern. 


1. From the curves in Figure 8 select the size of the small mirror (i.e., 2Ryp), select 


its position Rxp and determine the corresponding angle @ the sine of which characterizes the 
ratio of effective aperture to sphere radius, that is, 


D 
: eg 
sin§ = Dd: 


2. Assign a position d of the radiator near the small-mirror aperture. 
3. Determine the value of C: 


C= V (Yy aa Ryp)? ar (Y x eed Rp)? = V 2, +(Rxp he (18) 
where Yy and Yy are appropriate points at the reflected wavefront, calculated from formulas 


(12). For a postfocal system the condition C > d must be fulfilled; for a prefocal system the 
condition C < d must be fulfilled. 


4, Calculate the small-mirror profile from formulas (15). 
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4, INFLUENCE OF ACCURACY OF INSTALLATION OF INDIVIDUAL 
ELEMENTS OF THE SYSTEM ON ITS DIRECTIVITY 


In designing large spherical two-mirror antennas it is necessary to know the accuracy 
with which the system elements must be installed, for adjustment of the relative position of 
elements in a prefabricated antenna structure in a number of cases may prove impossible or 
at least extremely complex. The establishment of extremely rigid tolerances for relative 
placement of the system elements may also unduly complicate antenna construction. Hence, 
it is extremely important to evaluate the degree to which accuracy of installation of the 
individual elements of the system affects its directivity. This problem may be solved by the 
wavefront method. This method permits determining the shape of the wavefront at the output 
of the antenna upon displacement of the radiator and small mirror relative to the design 
positions. 

Calculation of the wavefront is so performed as to establish the correspondence between 
the aperture points of the large mirror and the wavefront points. Hence, it is not difficult to 
calculate the curve for phase-error distribution over the antenna aperture, from which we 
may then directly evaluate the variations in directivity of the system. 
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Figure 11. A/Ro as a function of dis- 
placement of mirror and radiator. 


Figure 12. Angle of ray de- 

flectiona@ andphaseerror AR o 

as functions of mirror and 
radiator displacement. 


g 12 
Let the radiator and small mirror be displaced ae . 

relative to the design positions. * Then the equation A 
for the wavefront incident from the radiator, in ac- peeled 
cordance with (13), will have the form 

aay a Ee 20002 +-10' 

X_=i(d +m) + jn, (7) 
where m and n are the radiator displacement along S ois 
the x and y axes, respectively. 

With arbitrary displacement the small-mirror Figure 13. @ and ARop as 
coordinates are defined by the expressions functions of mirror tilt angle. 
Rim = (Ram — 2) cos @ + (Ryw — b) sing, 

(20) 


Rin = (a — Ri) sin @ + (Ryx — 6) cos 9, 


where Rxg and Ry, are the small-mirror coordinates as calculated from formulas (15); a and 
b are the mirror displacement along the x and y axes, respectively; Y is the angle of rotation 
of the mirror about the x-axis. 

In determining the wavefront at the antenna output it is convenient to deal with the system 
in transmitter operation, Using expression (8), it is first necessary to determine the inter- 
mediate wavefront Y{ reflected from the displaced small mirror along the incident front xy, 


*Since we are interested in relatively small displacements, we shall continue to treat the 
problem as a plane problem, 
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Then, taking the reflected wavefront Y, as the incident wavefront at the large mirror, from 
the same expression (8) it is necessary to determine the reflected wavefront Y,. We shall 
not derive the design relations since they are somewhat unwieldy. 

Distortions of wavefront Y, in the general case depend on several parameters: m, n, a, 
b, ¢. For practical purposes it is of interest to evaluate the influence of each of these 
parameters separately. An electronic computer was used for calculation of the wavefronts 
as functions of each of the parameters. On the basis of these calculations curves were 
plotted (Figures 11, 12, 13) for the dependence of phase error ARo, on change in one or 
another parameter. 

Figure 11 shows the functions A/Ro= f (a/Ro) andA/Ro = f (m/Ro), from which it is 
evident that the tolerance in installation of the mirror along the x-axis must be approximately 
twice as rigid as for the radiator. 

With change in parameters b, n, ¢ the phase front will not only be distorted but will also 
be deflected, which leads to displacement of the maximum of the directivity pattern. 

Figure 12 shows the angle of ray deflection @ as a function of n and b and also shows the 
phase error relation A/Ro, which in the given case characterizes the distortions of the tilted 
phase front. Finally, Figure 13 presents similar curves for a and A/Ry as functions of the 
mirror tilt angle ¢. c 

Thus, from the curves in Figures 11, 12 and 13 we may for a given large-mirror size 
establish the tolerance for installation of the radiator and small-mirror in a spherical two- 
mirror system. 
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CALCULATION OF SIDE FLOW 
IN A LONG WAVEGUIDE LINE 


R. F. Matveyev 


The report presents calculation of the mean power of side flow arising in a long wave- 
guide line in transmission of pulse signals. The line discontinuities leading to side flow are 
divided into lumped (located at approximately equal distances) and distributed. These and 
ee are assumed to be random (varying from tube (waveguide) to tube or from line to 

ine). 

The waveguide transmission of an Ho, wave (fundamental mode) is subject to partial 
conversion into other wave modes (parasitic) at discontinuities of the line. These para- 
sitic waves are again partially converted into the fundamental wave, propagated in the same 
direction as the initial signal-carrying wave but displaced in time relative to the latter. 
There also arises a so-called side flow, distorting the effective signal. As was shown in 
references [2 and 3], if the power of the side flow is small compared with the signal power, 
it may be considered that the side flow is formed solely as the result of double conversion: 
fundamental wave ~ parasitic wave - fundamental wave. Of great importance here for cal- 
culation of the flow is the quantity dg(z) — ratio of the amplitude of the parasitic wave 
formed at a small waveguide discontinuity at segment (z,z+dz) (the z-axis is directed along 
the waveguide axis) to the amplitude of the fundamental wave at point z. Let a(z,@) rep- 
resent the actual radius of the waveguide (z and 49 are cylindrical coordinates) and let ay 
represent the mean value of a(z,@). Let us also designate 

Qn 


1 , 
9, (2) i her | [a (z, 8) — ao] c*P? dé, 
0 


where e, = 2; e, = 1 for p>0. 
The function dp (z) is resolved to the sum: 


Tp (2) = Mp (2) + 9, (2), 


where q .(z) is a continuous function and qd, (z)4is a step function. Jumps in qd, (z) will 
occur, ty example, at points z;, Z), ... of the junction of two waveguide tubes. If 
there are no such joints, we may assume that qy)(z) = 0. Then the quantity dq(z) (for 
the case in which the parasitic wave is an Hom wave) may be presented in the form 


dq (2) = ¢, (p, m) dq,, (2) + ¢2 (Pp, m) dq, (2), (1) 


where c; and cy are constants depending only on the modes of parasitic waves (see ref- 
erence[2]). Hereafter, for the sake of simplicity, we shall omit the subscripts p and m. 

Let us assume that q,(z) is a stationary, random Gaussian process with the cor- 
relation function o?, B(z) (B(0) =1). We shall assume that jumps in dq2(z) at dis- 
crete points z,, Z), ... are independent, identically distributed random quantities with 
variances equal to 0%. Let us also consider that the quantities dq,(x) and dq2(y) are 
independent for any x and y. Further, as in reference(1], we shall consider that the 
lumped discontinuities are located at distances of L+7j from one another (j=1,2,...). 
Here L is the mean length of tube, nj are random independent quantities with uniform 
distribution at segment (-6,6) and 6/L <1. 

Let E,(z,t) represent the side-flow intensity at point z of the waveguide and let 
E)(z) represent the amplitude of the fundamental signal-carrying wave at this same point. 
The probability characteristics of the quantity EC z,t) /Eo(z) with consideration of con- 
version of the fundamental wave into parasitic waves only at lumped discontinuities were 
salculated in reference[1]. Adopting all of this report's assumptions concerning the mech- 
uism of formation of side flow and the nature of signals traveling along the line, let us 
calculate the side flow with consideration of the distributed as well as the lumped discon- 
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tinuities. We shall assume that the effective signal is a population of randomly alternating 
rectangular pulses and intervals of the same duration T. The relative frequency of occur- 
rence of a pulse or interval in this population is p or 1-p. Then the side flow Ey (z, t) 
caused by an infinite sequence of such alternating intervals and pulses may be represented 
as a sum (compare with references [2] and [3]: 


: 4 ‘ 
Elz) Ee) d}ex\ ag (2) \ Xo, (¢— kt — 2 —8(y—2)) x 
k 0 x ) 
x ePi¥-*) cos [wt — Gy — Be (y — 2)] dq (y) (2) 
(the k-th addend represents the side flow caused by passage of the k-th pulse along the 
waveguide) . mm 
Here B, = Q,-On and a are the amplitude-damping factors of the parasitic and fun- 
damental waves; B)=hy-h;; hy and h; are the phase constants of the parasitic and 
fundamental waves; 6= * ~ +; Vpn and v; are the group velocities of the parasitic and 
n 1 ; 
fundamental waves; , is the initial phase of the k-th pulse; quantities {O, } are essen- 
tially mutually independent random quantities uniformly distributed at segment (0, 27); 
Ww is the carrier frequency; 
ne {1 for 7€(0, 1), 
Bo Serotec en). 


€, are mutually independent random quantities, each equal to unity with probability 
p and to zero with probability 1-p. In expression (2) the k-th addend will not be identically 
zero (with fixed z, t), providing k varies within such limits that 0 < t — kt — mo 
— @(y — z) < t,where 7 <y <z. fk: 
Introducing the new summation lower limit / = Hu 
gration in (2), we obtain 


—kand changing the order of inte- 


Ey Zon0) ae 


aS A (z) cosw t+ B (z) sin w t, (3) 


where 
z0 It 


t t) y 
A(z)) os ( A (ym) [COS oe 
Beat eh AT Were Iai + Baty — a) da) (4) 


8 
For subsequent discussion we shall admit the following assumptions: 


12) $24, “WS fee ot 


Ty) ee yee 
ee eS 


(z, is the correlation radius of the random process qi(z)). 

We shall impose an additional restraint on the process qi(z). Roughly speaking, it 
consists in the fact that the random quantities q,(z) and q4(z+z 9) become independent with 
Zy>© and arbitrary z. Strictly speaking, we assume that qi(z) is highly random (ref- 
erence[4]) (this property is possessed in particular by stationary Gaussian processes whose 
spectral densities are rational fraction functions. Then, from the results given in ref- 
erence[4] (Theorem 1. 1)it follows that with small values of z the quantities A(z) and B(z) 
are asymptotically normal and, according to the theorem in Section 21 of reference [5], 
their joint distribution also approaches normal. Since A(z) and B(z) are uncorrelated, 
with large values of z they may be considered independent. Then the probability charac- 
teristics of the ratio Ey(z,t) /E)(z) are wholly.determined by the ensemble averages of 
quantities A(z) and B(z) (which are equal to zero) and their variances, which are cal- 
culated below: 
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MA) =MBy=Fy | | x 


1=1 (I1)t (14) 


0 0 
Ui Ve 
x\ (ePrturtunmny COS [Bo (Yi — Y2— yb Te) M {dq (21) dg (72) dg (25) dg(24)} (9) 
00 


Using equality (1) and the Gaussian property of the process q;(z), we obtain 
M {dq (1) dq (x2) dq (23) dq (x4)} = {(cyo,)4 BY’ (x, — 2g) BY’ (yy — Yo) + 
+ (¢0)* BY’ (x, — y,) BY’ (%_ — Ys) + (e10)4 B’’ (a, — yy) BY’ (x, — ¥%)) — 


— (¢4C95,09)? B’’ (x, — X_) dx, dx, M {daz (y) daz (Y2)} — 
— (€4690405)” BY” (yy — Yo) dy, dy2 M {dqz (21) dqe (2)} — 
— (€4C90199)” BY’ (21 — Ya) dx, dy, M {dz (%_) dq (y1)} — 
— (C4095 192)” BY’ (Xp — yy) dx_dy, M {dqz (24) dqe (Y2)} + 
+ (C252)* M {ago (£1) dq (2) Age (Y1) 492 (Y2)}; (6) 
BY (2) = B(z). 


Correspondingly, sum (5) breaks down into six sums, which we shall designate by 
214(Z),...,0¢(z) [the first three terms in brackets are equal to 2, (z) and we take them 
in the same order as in expression (6)]. Precise calculation of all these sums is ex- 
tremely complicated and is not necessary. It is quite sufficient to calculate the limits 
Xr (2) 


7 tor k=1.6 (here andhereafter, in writing z—- ~it is to be remembered that z varies 
within limits determined by assumptions I, III and V). 
Using L'Hospital's rule (D4 (z) ~~° when z-©@), we obtain 


\ =/6 =/0 Wy Wa 
lim ei) = f. (¢, 5,)4 a { \ dy, \ dis \ \ eBay e—21—92) 
ee i. 0 0 a) 
SOO 95 (Oy) in ey ae a) WA (Ge a) Oh 9) Se 
BY (2, = fy) B'(%_ = Yo) + BY (x, — Yo) B(x 2— 1) drydz,\ = Jited toate vias 


Let us calculate the three resulting integrals separately: 


elt} co 
Fi > (e154)! Se | ps) eae  B” (t) B (s) cox By (s — ¢) dt 


In virtue of assumption IV 


ds \ e-fi's--1 BY” (t) B” (s) cos By (s — t) at, 


8 


Nese ling B’(t) B" (s) cos By (t. — §) dt ds. 
0 
Jy Sau) >| Mes (t) Br svocus By (t — 8) ds dt = 


0 0 


4 (Gore we [[e.| 2 0 ) cos By tdt| + ! == [th \ ie Stile cat) | ; 


Ly Rear 2 \(f-z)ez | de\ e—mceto) B*(1) B’(s) cos Py (2x + t —s) 


x 
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In virtue of assumptions If and IV 


oo 


Jig = P (94)4\ dex | dt \ B" (1) B"(s) cos By (20 + t — 8) ds = 


a pen B’ (s) ds\ BY (t) sin B, (s — 0) dt+- 
eK: ny 

35 AORN 7 (s) ds\ B" (t) sin By (s + 0 dt. 
ae ‘ 


Passing from B'(t) to B(t) in the integrals Jj, and J,;, we finally obtain 


eee ; 
lim 212) = p (eo) BE - \ B (s) ds \ e—Ail!—si B (t),cos By (s — t) dt + 


200 Zz 
0 


ou 


hea (P.\ 2 (1) cos By ut} +55 [! =e (2 (2) sin By tat] + 


0 0 


+ 2( B (1) de + 6B,(B (s) sin By sds | B (0) cos By uae Rs 
0 0 0 
Let us continue the calculations: 
z0 Lz 
ae LO —h) 


Lv 
whence 
lim Zo (2) nee eee 
Se 4By L? 
When qi(z) =0M {A(z) }*= D(z), which coincides with the result in reference [1]. 
28 lies kKL+30; k 
A a Lo 1 ~p,(2nt2 Uj X1— xs] 
8 (2) = aoe (€4C040p)* Sy >) e i x 
i ae 
Lo 
~ BY (x, — %) Cos By (4%, — Wo) dz., 
whence 
3. (2) ( aes 
2 2(Z) P (€1€25152)” 49 ( : ms 
in Salam 38,L BS \B (t) cos By tdi; 


0 


: t wll (u Lyo—2kL oS ) 
Siz \ ee ——— Pi) Ui Ye 2kL— 2210 5 
> (2) =p (¢1¢251 32)" 5) ( dy, ( 5 e i 


1=1 (I-1)= (11)t k=1 
0 0 


xB" (y; — Ye) cos By (Yr — Yo) dye, 
by averaging this sum for 7j, 


x 


as me 
lim 2), = Peres)? 8 
eee, t 
Par 
a ie 27 L 
‘ ‘ —Bi(m Be js o7 4 
. J & SN) —25,k k & : ; 
dy, \e ) ya, © EM, cos bsg, —=— ny Be Creme tae 
: v k=1 
hee 
Nile. = Wer ge ef 
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In virtue of assumption V concerning the upper boundary of change in z, Mf -1 < 1 for 
k < z/L, hence " 
23 (2) Ek (c1€25152)? 9 ( c 


lim — 28,1 \ din \ efi) BY” (y, — Yo) cos Bis Yy — Yo) Op, = 


=>co 


co 
= — PRET 6 | B (i) cos By tdi, 
é 


1=1 (1) 
0 
sy TE kk 
=A =45 (78 d OTA " 
x ya (e 51—) ens Po (2K + 2>)n, —y— 2) B (@ == x) dz. 
1 


k k= 
‘a | F Lv 
Sum 2, with any k, taken over mod 2 7, is a random quantity uniformly distributed 
at segment (0, 27). Averaging this sum for j, we thus obtain 


2) = De (z) = 0. 
Let us write the final expression for the variances of quantities A(z) and B(z) (see (4)]: 


ioe} 


M {A(z}? _ 


NERO PL eee Ree 
lim we, + 1 [Ra |B) cos Beale, (8) 


0 


lim 


2-700 


where the quantity F, is defined by equality (7), while 


a fesse? - 285 (c,o,)?\ B (4) cos By tde. (9) 


0 


Let us make one simplifying assumption, namely: we shall consider that z. B,< 1 
(Ze is the correlation radius of the process q;, (Z)). 

Physically this is the lower restraint on the spectrum width of qi(z), since the spec- 
trum width is inversely proportional to zc. In such a case it is not difficult to prove that 
in expression (7) the last two addends are several orders of magnitude smaller than the 
first and hence é 

BUR = 2 He 
eas \ B (1) cox Bs tdi | te | | —B,\ B (0) sin By wat} | 
0 ( 


Bi \i 
0 


Expression (8) is now rewritten as follows: 


Se MAG. Pte oe 
bit = Se ia, eee mere) (10) 


where coefficient y,; is defined above and 


eee) cE —f,\ 8 Gain beck (11) 


Let us explain the physical significance of coefficient y,. Considering the assumption 
of statistical independence of losses at the different joints, it is not difficult to see that the 
quantity (c, 0») *z/Lrepresents the mean losses in conversion to a parasitic wave only at 
joints. Let us calculate the conversion losses at distributed discontinuities in a waveguide 
of length z. In accordance with formula (8) in reference[2], the ratio of parasitic wave 
amplitude at the end of the line to the fundamental wave amplitude is expressed by the in- 
tegral z 

SiC} \ qi (x) es dr, 


0) 
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where q(x) is defined by formula (1) and the constants c; from (1) and Cy are related by 
lc; B) |= 1, |. Thus, the mean conversion loss at distributed discontinuities is 


Zz 


3? | ¢, |? M| \ qi (x) ei dx |? = 283 (c151)?\ (z — x) B(x) cos Bordz. 
0 


0 
Adding the derived expressions for losses at joints and at distributed discontinuities, re- 
ferring them to line length z and assuming the limit as z ~©, we find that the mean linear 
damping coefficient of thefundamental wave is 


foe) 
(cobs + 28% (e,5;)?\ BC) cos Bett = 73. 
3 


We will note that this same formula was derived in reference [6] by a slightly different 


method. 
In reference [3]a formula was derived for side flow power relative to signal power 


(Py (4) /po(z)). In our notation this formula is given as follows: 


Py(2) PAY, (12) 


pol2) 2B © 


The formula was derived with several assumptions concerning the mechanism of generation 
of side flow: it was assumed that the ratio of power generated at segment (z, z+Az) of the 
parasitic wave to the signal power at point z is equal to y,Az. The above calculation 
shows that the formula of reference [3] must be replaced by 

P,, (2) pz 2 2 yh 

Tye (Z) oe (Géiem 16 9) 
The presence of additional coefficient yz is due to the discontinuous nature of the signals 
transmitted along the line. 


Let us note, however, that calculation of 
side flow from formula (12) is somewhat sim- 
pler than from formula (13), since in the latter 
case it is necessary to know the correlation 
function B(z) and in the first case it may, in 
principle, be disregarded. Hence it is of in- 
terest to ascertain those cases in which formu- 
la (12) may be used, that is, to ascertain when 
%/Y2>1. From (9) and (11) we obtain (dis- 
regarding losses at junctions) . 


oo 
pea 4 33{ Bt) cos a1 
) 


co 
1 — 8.( B(t) sin B. tde 
i?) 


f 20 Boz, 


5 A Ya 
With ByZe 0 ratio CLS) eee V Sa wie 0 i ? 7 7 5 
with any correlation function. Consequently, ,/f, 
formula (12) is incorrect when the correlation 
radii are small in comparison with B, (for ex- Ratio of coefficients y/y_ as 
t aS a function of wo/B» at 
ample, whenZ < a, | pn ). The behavior of the different wares a fe 


ratio( 14) when 1 > 8% ye requires more 
detailed examination. 
We shall limit discussion to one specific example. Let us take the correlation function. 


(2| 


BR (2) = (1 + ay € “COS inoZ. (15) 


1034 


- The corresponding spectral density 


z - 


oo 
=\B Baza = L Se gh ee Core 
} (w) | (2) cosw tite ony » (paaee (16) 


It is our opinion that the random process qi(z) with such a correlation function inevery 
case better characterizes discontinuities of the line than processes with correlation functions 


B(z) =e () or B (z) = sin Q z/Q z, since the latter are uniquely defined by their defined 
by their initual values. 

The figure presents curves for ratio 7,/y, as a function of w,/f», at different values of 
q=82Zc¢- The calculations were performed on the assumptions: (1) qy(z) = qy4(z); m=2 
[see equation (1)]; thus, we refer to the side flow created by the H,, wave; (2) waveguide 
diameter equals 60 mm; (3) the propagated wavelength is 8 mm; (4) T=5.107° sec. In this 
B,= 0.1 cm~1!; B).= 0.1 cm}; B, = 0.283-107 5ecm7!; 8 = 45°107!4sec/cm and assumptions 
I-V reduce to the following: 3 km < z< 50,000 km; z,< 100 m; %/Y2 becomes less than 
unity when q < 0.07. With such values of q it may be considered that y? = p2 (c,o,)4 2B | 

It is seen from that the closer formula (12) is to formula (13), the greater the wave- 
length of oscillations of the waveguide axis (the quantity q4,(z), as is easily proved, char- 
acterizes oscillations of the axis) . 
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SENSITIVITY OF TELEVISION SYSTEMS 
WITH DIFFERENT SCANNING PARAMETERS* 


S. B. Gurevich 


In this report a formula is derived for specific and total sensitivity of television systems; 
the relationship between sensitivity and the amount of transmitted information is examined. 

Transmitter sensitivity of a television broadcasting system with a given scanning stand- 
ard is usually evaluated in the literature as the reciprocal of the scene brightness required to 
provide an image of satisfactory quality on the screen of the picture tube (references [1, 2, 3]). 

This is a somewhat narrow definition, for it only permits comparison of systems with 
identical scanning parameters and identical requirements for image quality (e.g., television 
broadcasting systems). If we are to compare the sensitivity of any two television systems, 
the definition of sensitivity must contain a quantitative factor for image quality (in the absence 
of nonlinear distortion this factor is expressed as the amount of scene information transmitted 
by the system) and a factor for the amount of incoming radiated energy per unit of scene in- 
formation. 

The sensitivity of a television system may be increased by increasing the efficiency of 
conversion of radiant energy into picture signals and by reducing to a minimum the noise-level 
gain in amplifying the signal. However, this increase in sensitivity is limited by quanta fluc- 
tuations in the radiant flux. 

In the absence of distortion caused by the nonlinear nature of conversion in monochroma- 
tic television systems, the quality of a moving image may be quantitatively determined by the 
number of image elements N, the number of distinguishable gradations in brightness m and 
the number of frames (number of transmitted states of the scene) n. In this concept of image 
quality the camera sensitivity is expressed as the function 


G= G (€, N, m,n), (1) 


where €9 is the radiant energy of one element required to create one distinguishable gradation 
against a background level of € = 0. 

Let us derive the relationship between sensitivity and €)9, N, mandn. First we shall 
consider the single transmission of one element in which only one gradation of nonzero radi- 
ant energy is distinguished. The radiant energy characterizing the given element is detect- 
able only when its mean value exceeds its fluctuations by a given factor (k), that is, when € = 
kes. Moreover, it is known(reference [4]) that the radiant energy fluctuation (for radiation 
whose wavelength is not too long) may be represented in approximate form as 


Ey == V Ae? =s V Ap? (avy? a, V why, (2) 
where Ae? is the > variance of the radiant energy; Wis the mean number of quanta corresponding 
to mean energy €9 = WhY (where his Planck's constant and V is vrequency or, in the case of 
nonmonochromatic light, mean frequency). To distinguish one nonzero gradation of radiant 


energy in a single transmission of a single element it must be assumed that the mean energy 
is 


by = keyg =k V phy = khv, (3) 


since 


* Paper presented at scientific sessions commemorating ''Radio Day" on April 19, 1960 in 
Leningrad and May 19, 1960 in Moscow. 
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Let us determine the energy €m Which will permit distinguishing m gradations if a radi- 
ant energy of €) = k‘*hv permits transmission of one nonzero graduation. The i-th gradation 
will be transmitted in the case where the relation 


&— =k V ui | pi hv = kV (e, + e:_,)Av. (4) 
is satisfied. 

As in the case of a single nonzero graduation, the difference between the energies re- 
quired for transmission of i andi - 1 gradations must be k times greater than the noise energy, 
which in the given case is the geometric sum of the noise accompanying radiant energies €; 
and €; _,. An expression similar to (4) is derived in reference [5]. 

From Equation (3) it can be shown that condition (4) for any i will be satisfied if 


€j == ——- (i + t) Rhy, (4a) 
and consequently the energy €m required for transmission of m gradations exceeds the energy 
required for transmission of a single gradation by a factor ] = = (m+1), that is, 


me m 


&m = &y — (m + 1) = gj (in - 1) keh. (5) 


It is easily seen that the number of distinguishable energy gradations m is greater than 
the numerical value of the ratio of the energy €;, required for the transmission of m grada- 
tions to the value k times greater than the noise energy, that is, %,,/k (is the signal-to- 
noise ratio). In effect, 


= ee m i 
’ See ats en oq ieee We aa: 
hb, Sake ee pee ee ee 


ifm>i1. This inequality results from the fact that with the above dependence of fluctuations 
on signal value the "degrees" of gradation decrease with the signal value. 

It is evident that with the necessity for distinguishing m gradations in N elements the 
transmission of n states of the scene requires an energy not less than 


&(m,N.n)= —g- (m + 1) Nnk*hy. (6) 
Considering that the radiation indicator receives only part of the energy radiated by the 


scene (in the case of isotropic radiation « = DF pe where D is the aperture diameter of the 

4 
objective projecting the image onto the sensitized surface, Gis the angle at which the scene 
is seen from the objective plane, y is the radiation absorption coefficient of the objective), we 
obtain the value for the minimum radiant energy given off by the scene and required for dis- 
tinguishing m gradations in N elements with n recurrences in the ideal case (in which the 
camera causes no further deterioration in distinguishability of gradations in these elements): 


5 m ; 
Esc(m, Nn) = &h*hv 5-(m +1) Nn. (7) 


Actually, there are no ideal cameras and in order to maintain this amount of information 
concerning the scene it is necessary to increase the amount of energy reaching the camera 
input. In other words, in order to maintain the required signal-to-noise ratio at the camera 
output it is necessary to increase the signal-to-noise ratio at the input. Let us introduce the 


factor 4 ib out 
Coe ne (8) 
where 4 is the output signal-to-noise ratio required for transmission of N elements, m 


gradations and n states of the scene and which would be adequate at the camera input if the 
system were ideal Woy¢ = Yin id.)- Thus, Yout = &se(m,N,n)/¥*sc(m,N,m)hY» whereas the 
input signal-to-noise ratio Yin = €/VEhV, where € is the energy which must be delivered to 
the input of a nonideal system characterized by the coefficient (ae VE se(m, N,n)/ €. This en- 
ergy is now defined by the expression 
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€ = akthy iy (m + 1) Nn, (9) 


nv 

€2 3) 

come 

and the sensitivity ; - ‘ 
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and let us refer to it as the specific sensitivity. The specific sensitivity is the reciprocal of 
the energy which must be radiated by a single element of the scene in order to distinguish at 
the output of a real system with € = Yoyt/Pin a single nonzero gradation of radiant energy. 
Quantity G is expressed in terms of g by the relation 
G=¢ (11) 
a2 (m+ 41) Na 


Expression (9), derived for the characteristic of threshold sensitivity of television cam- 
eras, permits us to establish the relationship between the energy conveyed from the scene to 
the camera input and the amount of transmitted information concerning the scene. 

It is known (reference [6]) that if m+1 different states are possible in an element (e.g., 
m nonzero gradations of radiant energy and zero energy) and there are Nn such elements, the 
number of possible messages is (m+ 1)" and the amount of information contained in this 
number of possible messages is 


J = Nn log, (m -+- 1). (12) 


When the number of elements and the number of states of the scene are equal to unity, 
and when only one nonzero value of brightness (m = 1) can be transmitted, J is also equal to 
unity. 

Comparing expressions (9) and (12), we see that the required radiation energy and the 
amount of transmitted information are linear functions of the number or elements and the 
number of transmitted states of the scene. The relationship for the number of gradations is 
somewhat different. The required radiation energy increases more rapidly than the number 
of gradations [«€ ~ a (m+1)], whereas the amount of information increases more slowly than 
the number of gradations (J ~ logz(m-+1)). 

The amount of radiant energy from the scene per unit of information is expressed by the 
relation 


€ ak*hy m(m-+ 1) { ese fi m (m + 1) (13) 
fr on 2 loge (m + 1) g loge(m+1)? ° 
When m > 1 
fj me ope me 
ia ares logs me" (13a) 


It is easily seen that with m = 1 the reciprocal of €/J is equal to g and, consequently, the 
specific sensitivity may be defined as a quantity inversely proportional to the energy arriving 
per unit of information. 

From the standpoint of increasing the amount of information concerning the scene, it 
follows from exoressuibs (9), (12) and (13) that it is more convenient to increase the number 
of elements than to increase the number of gradations. 

It must, however, be mentioned that this conclusion refers to the amount of information 
concerning the scene without reference to the properties of the information receiver. For 
example, in the transmission of an image an increase in the number of elements beyond 
' (4-8)°10° continues to increase the amount of information concerning the scene in proportion 
to the number of elements; however, in visual observation these additional elements are not 
discerned. Moreover, if the number of distinguishable gradations is small (e.g., m<10), a 
further increase therein will be perceived by the eye more as a considerable increase in the 
amount of information concerning the scene than as an increase in the number of elements, 
hence an identical increase in information concerning the scene proves to be quantitatively 
nonequivalent. 


As another example of the limitations imposed not by the reciever but by the information 
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source we may cite the example of transmission of the intensity distribution of a spectral 
line. An increase in the number of elements beyond a certain given number (e.g., N = 20-30) 
may not provide the required additional information due to the limited resolving power of the 
optical device from which the spectral line is projected to the camera input. On the other 
hand, an increase in the number of gradations of brightness leads in this case to an increase 
in accuracy of measurement of intensity of the line at the particular wavelength and hence is 
of some value. 

In the case where there are no limitations in the transmission of information concerning 
the scene or process and all information has identical value, it is worthwhile to note the ad- 
vantage (from the standpoint of optimum utilization of energy) of increasing the number of 
elements rather than the number of distinguishable gradations. 

In the transmission of a color image more information is transmitted than in a black-and- 
white image with the same number of elements. While color, like brightness, is a character- 
istic of the state of an element of the scene, an increase in the amount of information upon in- 
creasing the gradations of brightness in black-and-white television. In order to obtain a color 
image, it is necessary to obtain from each element information concerning the several values 
of brightness corresponding to the spectral composition of the radiation emanating from the 
element, which corresponds to an increase in the number of elements transmitted per frame. 
Correspondingly, in expressions (9) and (12) we must further introduce the factor v (for color 
television the value of Vis usually 2-3 [7]). 

From analysis of (9) and (12) with the addition of v it may be concluded that the introduc- 
tion of color information is beneficial from the energy standpoint. It increases the amount of 
information concerning the scene by the factor Vv and increases the required radiation energy 
by the same factor. With an increase in the number of gradations by the factor V, as we have 
already seen, the amount of information would be increased by only ae a times while the 
required radiation energy is increased by A (V+1) times. In addition, as already noted, an 


increase in the number of elements by V times over the number of elements (of the order of 
6 - 10°) currently found in broadcast television would add little information concerning the 
scene, whereas an increase by v times in the amount of information generated in color tele- 
vision presents considerable advantage in visual observation. 
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THEORY OF A FLAT-ELECTRODE TRIODE WITH 
NEGLIGIBLY SMALL GRID-ANODE SPACE CHARGE 


Ye. N. Petrov 


The report presents a simple approximate method for calculating cathode current in the 
case of negligibly small grid-anode space charge in a flat-electrode triode. 

It is shown that for the case of zero initial velocities of emitted electrons this method 
provides practically the same accuracy in calculating space-charge current as the widely 
used method in which the anode of the equivalent diode at the cathode is located in the plane 
of the triode grid. 


1. STATEMENT OF THE PROBLEM OF CALCULATING CATHODE CURRENT 
IN A FLAT-ELECTRODE TRIODE 


The procedure for calculating cathode current of multielectrode vacuum tubes is based 
on the knowledge that a multigrid tube can be reduced to an equivalent diode. 

The cathode current of an equivalent flat-electrode diode is determined [1] from the 
given electrode configuration (the value F), for the active surface of the cathode and the 
space Xeg between cathode and anode), the cathode temperature T, the cathode emission 
Ig and the voltage at the electrodes (Ugg, is the anode potential). If Fx, T and Ig are 
assumed to be common for the multielectrode tube and the equivalent diode, the problem of 
calculating the cathode current reduces to determining Xeqg and Ueg In V.S. Lukoshkov's 
work [2]: as well as in a number of other works (e.¢g., (4, 5 ]) the triode is represented 
as two series-connected diodes and it is shown that the "hot" cathode field of a flat-electrode 
triode with ideal grid is the same as the "hot'' cathode field of a flat-electrode diode with 
cathode-anode space Xg equal to the cathode-grid space Xkg of the triode and that the anode 
potential Ug: 


ies Ug + %2DU 4 | (1) 
d 4 + XD = Ky Dis. 


where U,, is the grid potential of the triode, Ug is the anode potential of the triode and D 
and D! dhe the forward and reverse penetration of the field of the triode from anode to 
cathode and from cathode to anode, respectively: 


= Ey hot . 
~ Excoia’ 
eS Aintiocs 

"yt cold’ 


Ethot 224 Ezeoig are the "hot" and "cold" field intensities of the triode at the grid surface 
facing the cathode; Eqpot and Eqygojq are the "hot" and "cold''field intensities of the triode 
at the grid surface facing the anode. 

Quantities Ug and Ug, are usually given, while the grid penetration factors D and D! 
of the triode may be calculated from the given electrode configuration by the usual formulas. 
Thus, the problem of determining the cathode current of the triode reduces to determining 
the "hot" parameters %, and %. 

L.V. Shubin made use of the fact that in most cases of practical importance the grid- 
anode space charge of the triode may be neglected (x,=1). Formula (1) is then simplified: 


U4 = ol pie DU as 2 
i Dee Dee 2 
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Coefficient %y may be determined by considering the Maxwell distribution of initial electron 
velocities as given in the tables in reference [3]. The value of Ug is found from formula (2) 
by the method of successive approximations. 


2. CONSTRUCTING THE EQUIVALENT DIODE 


Proceeding from general formula (1) and the condition A, =1, we may construct the 
equivalent diode so that calculation of the cathode current of the triode is simplified. 

Let us compare our triode with a certain equivalent diode, the anode of which is located 
in an arbitrary plane parallel to the plane of the triode grid. Knowing Ethot? let us deter- 
mine the anode potential Ueg of the equivalent diode from the relation 


~ 


Veq = Ug + Lihot Agx, (3) 


where Ug is the effective grid potential (2) of the triode; Xpx is the distance from the grid 
to the anode of the equivalent diode. Thus, with Xox >0 the potential distributionat the grid 
surface facing the cathode is extrapolated in the grid-anode space. It is evident that 


Ueq = Ua(t+ ee (4) 


Let us so extrapolate the potential (by choice of Xgx) that Ueg is not a function of hot 
parameter %,. In the general case X,, is then a function of %. Howeres: we may select 
such a value of Veg that Xgx is not a function of %4. 


That is, let 
i Ug+ DU, 
ee) ED ° 
Then relation (4) will yield 
5 mg, Gay Ste pate : 
ST kee | (5) 


Thus, the equivalent diode for the given triodé has a cathode-anode space 


7 , 4+ D-4-D' 
x eq ~~ A kg D (6) 


and the anode potential 


Linear extrapolation of potential distribution of the cold field in the cathode-grid space 
up to the plane of Xeq leads to the same value for Veg (7); that is, the equation 


; Yd cold y : a 5 
U; cold © Le Xgx = Udhot + Fr hot gx 


or 
X ox) x 
Vy ae , Bx | 
Weou(! + 2) = Vanor t+ 2m) 


is indeterminate relative to %, when 
: a ony 
Xgx= Xugi yy: 
Thus, for the important special case in which the grid-anode space charge of the triode 
may be disregarded determination of the space-charge current of the triode (as well as its 
parameters) is simple, omitting intermediate determination of the tubular coefficient of %,. 
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3. EVALUATING RELATIVE ERROR IN METHODS OF CALCULATING 
SPACE-CHARGE CURRENT IN TRIODE 


Simple evaluation of the relative error of the different methods of calculating cathode 
current of the triode may be performed for the case of zero initial electron velocities. In 
this case x,4=4/3 and, correspondingly, 


: Ug + DU 
jet Ug=—2-—*-, (8) 
(pase 
3 
I g2=-—S2=>-s7 anUL 
eal I ois) AN) a Nice (9) 
; D=Qol kg 
PI A EG AY Relation (9) is the well-known Childe's law. 
ly this law to the equivalent 
Relative values of space-charge ni a PA Pree G8 EY H ey 
current of triode as calculated : pu by eevee (10) 
by two different methods. Od tai ja ee 


eq 


The correctness of one method of equivalence as against the other may be evaluated by 
means of the relation 


\ 


leq _ Veq*ig 
Iq a Ui Xeq 
or, using formulas (2), (6) and (7) ,(2), (6), (7), 
ie 4 ‘Ds Vs 
TP Cire ters. 
lq 4 1 
(TaD! 


It is seen from the figure that for most modern triodes (D> 0.01, D'< 0.5) the diver- 
gence of results of calculating the current by the two methods does not exceed several percent, 

In the case of a Maxwellian distribution of initial electron velocities 4, #4/3 and form- 
ula (2) becomes somewhat complex, which complicates evaluation of the relative error of 
methods of calculation in the general from. 

In practice, no difference in the values of currents Ig and Ieq: is usually detected. 
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NVESTIGATION OF FREQUENCY MULTIPLIER USING THE 
NONLINEAR CAPACITANCE OF A p-n JUNCTION 


V.B. Braginskiy, V.A. Dianova, Ye.R. Mustel! 


This report presents the results of an investigation of a microwave frequency multiplier 
using the nonlinear capacitance of a p-n junction and having a high multiplication factor. Out- 
put power is examined as a function of the order of the harmonic, the time constant of the 
p-n junction of a diode, the input power and fixed diode bias. The amplitude and phase sta- 
bility of the multiplier are investigated. 


Nonlinear active elements as well as nonlinear reactive elements now widely used in the 
microwave range may serve as the nonlinear element of a frequency multiplier. 

If the nonlinear reactive element and associated nonlinear circuits are lossless and the 
master oscillator is matched only at a frequency f while the load is matched at a frequency 
nf, it is in principle possible to achieve 100% conversion of power Pf at frequency f to power 
P¢ at frequency nf [1]. At the same time, the conversion losses Pm¢/P¢ of a frequency con- 
verter with nonlinear positive resistance in the optimum case may not be less than 1/n2 
5 Bb 

In recent years a number of works [4, 5, 6] have been devoted to frequency multipliers 
with the nonlinear capacitance of a p-n junction as the nonlinear reactive element. 

Multiplier calculation with consideration of the real diode characteristic in the presence 
of a large signal presents considerable difficulties and may be performed only by numerical 
methods for specific cases. z 

In [5] the efficiency of frequency conversion with a nonlinear resistance (NR diode) and 
with a nonlinear capacitance (NC diode) for a wideband circuit was compared with the ideal 
characteristic of diodes and it was shown that the conversion losses of a multiplier with an 
NC diode increase somewhat less rapidly with increasingly higher order harmonic than the 
conversion losses of a multiplier with an NR diode. 

A double-tuned system was examined in [6] for the small-signal case. The approximate 
calculations show that with small n, multipliers using a nonlinear capacitance are more effi- 
cient than multipliers with a nonlinear resistance. At higher harmonic numbers n the effi- 
ciency of multipliers of the first type is lower than that of multipliers of the second type. 

In Figure 1, along with theoretical limit values of power-conversion coefficient which may 
be obtained with an NR diode and NC diode in a tuned system, we present design data from [6]. 
The value of n at which the multiplier efficiencies are compared (point A in Figure 1) depends 
on the Q of the nonlinear element and the degree of nonlinearity of the characteristic. 

In this report we describe the experimental results of investigation of a frequency multi- 
plier with high multiplication factors (up to n= 50). The basic diagram of the multiplier is 
given in Figure 2. The multiplier is a combination of a 70 ohm coaxial line and a standard 
coaxial waveguide junction. At a discontinuity there is located a diode 1 whose p-n-junction 
capacitance is used as the nonlinear element. 

Through a fixed attenuator (10-12 db) at the multiplier input there is applied an alternat- 
ing voltage from an oscillator whose frequency varies from 184 to 600 Mc. The maximum 
power delivered by the oscillator to the matched load does not exceed 3.5 w. ; 

Coaxial plunger 2 together with the central capacitance of the nonlinear element forms a 
tank circuit tuned to the frequency of the input signal. Plunger 2 is isolated from the direct 
component from the outer tube of the coaxial resonator, which is necessary in order to apply 


fixed bias to the diode. 
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7, db to indicator 


} multiplier 
input 

Fig. 2. Basic diagram of multi- 

plier: 1) nonlinear capacitance; 

2, 3) coaxial plungers; 4) quarter- 

wave cups; 5) filter resonator. 


(Tt I TG n 
Fig. 1. Conversion losses for: The output tank circuit is created by two co- 
a, ideal NR diode (circles); b, axial plungers 3 and two quarter-wave cups 4, 
ideal NC diode (squares); c, non- which do not admit the multiplied signal into the 
linear reactance from [6] (triangles). input circuit. The output tank circuit is coupled 


with a reentrant square resonator through an 
aperture; this resonator serves to filter out the required harmonic. 

The Q of the resonator is approximately 200, which provides for attenuation of adjacent 
harmonics by not less than 20 db. Without the filtering element the adjacent harmonics are 
five times less than the chosen harmonic. 

From the resonator output the signal may be applied to a spectrum analyzer (with special 
power calibrations) or to a standard wattmeter. 

Figure 3 shows the multiplier output power as a function of the harmonic number with a 
change in input signal frequency (from 184 to 600 Mc), constant frequency of output signal 
(approximately 9000 Mc) and constant power at the multiplier input. It must be mentioned that 
the power reaching the diode varied with a change in harmonic. However, this should not have 
a substantial effect on the relation, since the measurements were performed with sufficient 
input power for saturation (concerning which see below). 
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Fig. 3. Multiplier output power as a function 
of harmonic number. 


a es ee ey ee ee Oa 
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ratio of output power at the n-th harmonic to the output 
power at the 49-th harmonic. As is seen from the 


curve, there occurs a slow drop in output power with ie Sted DO eae function 
the order of the harmonic (approximately 0.3 db per of multiplier input power. 
harmonic). 


Figure 4 shows the output power Pyf as a function of power Py applied to the multiplier 
(n = 36). As is seen from the curve, with Pg = 100-150 mw there occurs a saturation of Pht 
similar to that observed in [4] at lower multiplication factors. The saturation is associated 
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‘with creation of an active resistance shunting the capacitance, which arises when the ampli- 
tude of the input voltage is greater than the fixed bias or when the doubled amplitude of input 
voltage is greater than the reverse breakdown voltage. The output power has a clearly de- 
fined optimum with a change in fixed bias, blocking the p-n junction of the diode (Bigs) 5) 
With an increase in input power the optimum shifts to the region of large negative bias. 

For investigation of phase stability we assemble a setup consisting of two identical 
multipliers, two unidirectional gates and a measuring line. The signal was applied to the 
multiplier inputs from a common generator, thereby eliminating signal instability. 

A reentrant detector head was used at the same time to check the amplitude stability of 
one of the multipliers. From the measuring line probe the sum signal from the two multi- 
pliers was applied to the detector. In nine hours of continual operation (after a 90 minute 
warm-up) the amplitude varied by 19 percent. The change in phase shift between multipliers 
during this same period of time did not exceed 60°. 

In investigating the possibility of modulating the output signal, in addition to the fixed 
bias at the diode, we applied an alternating voltage with a frequency of 10 Mc. Separation of 
the lines of radiation into several components 10 Mc apart was observed on a spectrum 
analyzer. 

With sufficiently strong modulation and appropriate fixed bias it is possible to redistribute 
the energy between the central lines and the side components. It is possible to isolate one of 
the components of the spectrum by using a resonator filter of sufficient Q. 

Fig. 6 shows the output power (n = 36) as a function of the time constant of the p-n junc- 
tion of the diode with approximately identical reverse breakdown voltage (identical saturation 
power). The figure shows that there is a sharply expressed dependence of the power conver- 
sion factor on rT = RgC. 

The maximum observable output power was 2.5 mw (n = 36, T = (RgC)U =-10y = 0. 36-10-12 
sec) with an input power of the order of 250 mw. 

It is necessary to point out that upon changing multipliers the input power was measured 
with a wattmeter with matched input. Maximum multiplier power is obtained with a standing- 
wave ratio of the order of 3.0. This is associated with a shortcoming in multiplier design 
which does not permit varying the distance between the point of connection of the input cable 
and the diode. 

Thus, upon tuning the input circuit to resonance at the master oscillator frequency, there 
is a mismatch with the latter and the input power does not exceed 250 mw. This indicates that 
the conversion loss is not greater than 20 db, which is 11 db better than the minimum conver- 
sion loss occurring when using an active nonlinear element with an ideal filtering system at 
the same harmonic. The resulting power conversion factor and the output power are slightly 
greater than those obtained in a two-stage multiplier (fj, = 218 Mc, foyt = 8720 Mc, conver- 
sion factor 27 db, output power 2 mw, n = 8:5 = 40) [7]. 
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Such multipliers may be used with success in test equipment and as highly stable local 
oscillators. 

In order to obtain power of the order of 1 mw, it is necessary to use diodes with p-n 
junction time constant of at least 1° 10-12 sec. 

In conclusion, the authors wish to thank V.A. Krasilov and V.M. Val'd-Perlov for their 
assistance in this work. 
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NONLINEAR NUTATION-TYPE GYROMAGNETIC 
EFFECTS IN FERRITES* 


L.K. Mikhailovskiy, V.P. Makaritshchev, B.P. Pollak and V.A. Fabrikov 


We observed experimentally the emergence of natural sinusoidal oscillations of magneti- 
zation in a magnetized ferrite sample situation in an IF (30 Mc) tuned circuit and subjected to 
the action of a transversely polarized microwave field, when the field power exceeded critical 
value Pey(1-3 watts). A nonlinear region was found to exist in curves of the IF signal power 
vs. heterodyne power ph in the mixer circuit at values of ph, close to Poy. The experimental 
results are in accord with previously obtained conclusions in the theory of nonlinear gyro- 
magnetic effects connected with nutational oscillations of magnetization in ferrites. 


1, STATEMENT OF THE PROBLEM 
In a number of papers [1, 2, 3, 4] the effect of mixing two low-power microwave signals 


was investigated in a magnetized ferrite sample. It was found that the power arising during 
a mixing of magnetization oscillations at the difference frequency is proportional to the power 


*The work was reported at a session of the All-Union, A.S. Popov Scientific-Technical 
Society of Radio Engineering and Electrocommunication, May 18, 1960. 
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of each of the interacting microwave signals. 

If Pj, Pg and Pp designate the power of IF (difference) oscillations, signal power and 
heterodyne power, respectively, then at low values of Pg and Py there exists a relation be- 
tween these quantities. 

Pi = APP,, (1) 
where the coefficient of proportionality, A, for the investigated circuits with polycrystalline 
ferrite samples is of the order of 10-3-10-4/watt, which in the case of heterodyning by klys- 
tron, corresponds to a conversion gain ratio of the order of 50 db. 

Eq. (1) was first introduced in [1] in an approximation neglecting the inverse action of an 
IF circuit on the sample. Later in [5] it was shown that under conditions in which the hetero- 
dyne power Ph approaches a certain critical value Per, it is impossible to neglect the field 
reaction in the calculations. The existence of feedback can lead to the emergence of spon- 
taneous oscillations in the circuit-sample system, if Ph > Per. The minimum possible value 
of Per is inversely proportional to the cube of the ferromagnetic resonant line width AH, and 
for yttrium ferrite single crystals according to calculations it can be rather small (hundreds, 
tens and even units of a milliwatt). 

If the heterodyne power does not exceed Pey, but is close to it, i.e., 


Py, > (Per = Ph) > 0 


then the circuit can be operated as a regenerative amplifier of electromagnetic oscillations 

excited in the external source circuit. This source, in particular, can be used to create in 
the sample a microwave signal, the frequency of which is shifted with respect to the hetero- 
dyne frequency by an appropriate magnitude [6]. 


Fig. 1. Oscillogram of the variation of X"; of a ferrite 
sample under the action of a microwave field and of the 
sinusoidal modulation of the magnetizing field Hg about 
the resonant value H,.,; X'j passes from positive val- 
ues (left-hand side of the figure) through zero at Hp=Hy¢, 
to negative values with a decrease of field Hp taken from 


[avs 


The amplification is caused by negative impedance in the IF circuit, which arises as a 
result of the interaction of signals of different frequencies (intermediate and microwave) 
originating in the ferrite sample via precessing magnetic moments. The dependence of the 
imaginary part of complex susceptibility Xj = \x'j - 7 X';, which describes the IF loss fj, on 
the magnitude of the static magnetizing field Ho is illustrated by the oscillogram of Fig. 1, 
taken from [7]. In the case of Hg exceeding the field of ferromagnetic resonance Hyeg, "7 
is positive which corresponds to absorption of the mean power of an IF signal. When Hg be- 
comes less than Hye, however, '‘j becomes negative which corresponds to an amplification 
of the mean power of the IF signal. The oscillogram was recorded on an yttrium ferrite 
single crystal at a frequency fj = 8 Mc and a microwave signal power of 5 milliwatts with the 
aid of a conventional autodyne circuit (IMI-2), applicable for observations of nuclear reso- 
nance. 

As the heterodyne power approaches the critical value of the conversion gain ratio of a 
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signal, Pj/Pg in the mixer circuit must increase without limit. Eq. (1) must then be gener- 
alized to the form 


It is valid only for values Py << Poy. When Ph = Per the right-hand side of Eq. (2) becomes 
infinite, corresponding to the advent of natural sinusoidal oscillations in the system, the 
steady-state amplitude of which can be calculated in a linear approximation with respect to 
the quantity (Py - Per)/Per > 0. 

The increase in the conversion gain ratio of a ferrite microwave mixer is of great prac- 
tical significance. The assumed low inherent noise level of ferrite devices makes them a 
prospect for use in mixer and IF preamplifier circuits. Efficient use of ferrite mixers at 
microwave frequencies however is possible only if their conversion gain ratio is no worse 
than in crystal mixers [-(6-8) db]. 


a. 
at 


Fig. 2. Theoretical dependence of IF power Pj on hetero- 
dyne power Ph at constant signal power P,: 


I — section of linear mixer corresponding to Eq. (1); 


Il — section of mixer with subsequent IF amplification by 
the same ferrite sample, Eq. (2). 


(a 
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The nonlinear gyromagnetic properties of ferrites, which provide amplification of IF 
electromagnetic oscillations and create the possibility of an increase of the conversion gain 
ratio of ferrite mixers, are connected with emergence of natural nutational oscillations of 
magnetization in the sample.* The present paper is devoted to an experimental investiga- 
tion of these effects, theoretically predicted in [5, 6]. The purpose of the investigation was 
to discover the nonlinear section of the dependence of Pj on Ph in the circuit of two signal 
microwave mixer (Fig. 2) and the emergence in a ferrite sample placed in an IF tuned circuit, 
of natural sinusoidal oscillations of magnetization under the action of heterodyne microwave 
power. 


The experiments were carried out in the 3 cm wavelength region, the intermediate fre- 
quency was equal to 30 Mc. 


2. EXPERIMENTAL EQUIPMENT AND TECHNIQUE OF MEASUREMENT 


The investigations were carried out inequipment, a simplified block diagram of which is 
given in Fig. 3. The microwave signal sources were a (43-I) klystron oscillator, which oper- 
ates in a pulsed and continuous mode, and a magnetron oscillator operating in the pulsed 
mode. A ferrite sample with a coil on it was placed in a standard waveguide section at a 
distance of 6 mm from the narrow waveguide wall. The Q of the tuned circuit formed by the 
coil shunted by a capacitor equaled 20 at the frequency 30 Mc. The position of the coil turns 
on the sample was selected in conformity with the maximum IF signal. The static magnetic 
field was applied parallel to the narrow waveguide wall and corresponded in magnitude to the 
field of ferromagnetic resonances. The samples were yttrium ferrite single crystals with a 
ferromagnetic resonance bandwidth of 5-10 oe. The sample shape was almost spherical, and 


*Nutational oscillation of magnetization is a name for the periodic variation of the angle 
of uniform precision of magnetic moments of a material around a constant magnetic field Ho 
which arises under the action of a transverse microwave magnetic field h. 
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Fig. 3. Block diagram of the equipment: 


1 — master pulse generator (synchronizer); 2 — mag- 
netron modulation generator; 3 — magnetron oscillator; 
4 — double-T bridge; 5 — cavity resonator, 50-I (dis- 
connected when operating with T = 6 usec pulses); 6 — 
variable attenuator; 7 — klystron oscillator (43-]); 

8 — ferrite valve; 9 — microwave power meter; 10 — 
ferrite mixer; 11 — piston-shorted circuiter or matched 
load; 12 — 30 Mc preamplifier; 13 — 30 Mc amplifier; 

14 — oscilloscope. 


its surface was not polished. The signal from the mixer was fed through an IF preamplifier 
and an IF amplifier to an oscillograph. The total IF signal gain was approximately 10°. The 
inherent noise level of the amplifier channel, introduced to the input of the preamplifier was 
about 5 tv (measured by means of a CG-1). The power supply of the electromagnet and both 
IF amplifiers was regulated. 

The main interferences which had to be avoided in the experiments are the following: 

1. Shock perturbation of the circuit containing the ferrite due to a rapid change in the 
constant component of magnetization of the ferrite in the static field direction which arises 
under the action of the pulse rise and tail of the heterodyne signal [8]. 

2. Overheating of the ferrite sample because of thermal scattering of the microwave- 
field power absorbed by the sample. 

8. Direct introduction of the heterodyne modulator pulses into the IF amplifier circuit. 

Overheating of the ferrite sample was eliminated during operation of the heterodyne with 
short-time pulses (1-6 usec). The effect of shock perturbation and IF amplifier intrusion was 
reduced by using pulse generator 50-I (Q = 100, 060) excited by the magnetron oscillator, 
instead of the magnetron oscillator itself, to directly irradiate the sample. 


3. EXPERIMENTAL RESULTS 


During the investigation we recorded the IF signal amplitude as a function of heterodyne 
power for constant microwave signal and the amplitude of natural oscillations originating in 
the system when Py, > Poy as a function of heterodyne power.* The characteristic curves 
were taken on the linear region of amplification of both amplifiers. The magnitude of the 
constant magnetizing field was selected in order to obtain maximum signal on the oscilloscope 
sereen. 

Figure 4 presents the dependence of IF power Pj on heterodyne power Py at a constant 
microwave power signal level. We applied simultaneously to the sample a signal from the 
magnetron oscillator through an echo cavity resonator and a signal from the klystron oscil- 
lator of length 1 usec** Time-retardation of klystron oscillator pulses relative to the mag- 
netron oscillator pulses was chosen, so that their position on an oscilloscope screen would 


*The measurements were made by V.P. Makarishchev and R.D. Savost'yanova. 
**During magnetron operation with pulses of 6 usec length, the echo cavity resonator was 
not used. The experimental data obtair 2d in this case confirm the results described 


below. 
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correspond to the average drop of the echo signal from the oscillator. On the experimental 
curves one may clearly see the nonlinear region which apparently should be ascribed to the 
superposition of the effect of amplification of the IF signal on the ordinary mixer effect of the 
two microwave signals. It is impossible to describe the mixer effect in this region by the 
simple Eq. (1); the generalized Eq. (2) should be used. Curves recorded for cases when 

fg =f, -2 andfg=f,+ Q (fg and fp are the signal and heterodyne frequencies), do not co- 
incide, the curve for the first case being lower. This effect was not investigated in greater 
detail. ae 

7 


Fig. 4. Experimental dependence of IF power Pj (30 Mc) on 
heterodyne power Py at constant signal power Ps: 
a — fg = 9400 Me; fp = 9370 Mc; b — fg = 9340 Me; fp=9370 Mc. 


At heterodyne pulse powers exceeding a 
certain critical value, close to 1-3 w, we ob- 
served a spontaneous emergence of IF oscilla- 
tions in the circuit. The dependence of the 
power of these oscillations on heterodyne 
power, recorded when the klystron oscillator 
signal was switched on, is shown in Fig. 5. 


CONCLUSION 


The emergence of natural oscillations of 
magnetization was observed experimentally in 
a ferrite sample placed in an IF (30 Mc) tuned 
circuit, for a transversely polarized micro- 
wave field, when the power of this field exceeded 
a certain value of the order of 1-3 watts. The 
detected oscillations apparently bears a sinu- 
soidal character and may be identical with relax- 
ation oscillations observed by Weiss in a ferrite 
sample situated inside a large Q cavity reso- 
nator [9]. 

The existence of a nonlinear region was also discovered on curves of IF signal power 
versus heterodyne power Py in a mixer circuit at values of Pp close to Pey. These experi- 
mental results are found to accord with the previously obtained conclusions [5, 6] of the 


Fig. 5. Experimental dependence of the 
power of the natural oscillations of mag- 
netization in a ferrite sample at 30 Mc 
on heterodyne power Py in the absence of 
a signal. The dashed curves show the 
accuracy of measurements. 
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theory of nonlinear gyromagnetic effects connected with nutational oscillations of magnetiza- 
tion in ferrites. Final identification of experimentally observed effects become possible after 
a careful quantitative investigation. The results obtained may be of practical interest in 
connection with the problem of increasing the efficiency of operation of ferrite mixers of 
microwave oscillations. 

The work was done at the Moscow Energy Institute in the Dept. of Theoretical Radio 
Engineering. The results were discussed at the K.M. Polivanov seminar, for which the 
authors take this opportunity to express their sincere gratitude. 
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PHENOMENA OF MUTUAL COUPLING 
OF CAVITY RESONATOR AND FERRITE 


A. L. Mikaelyan, V. Ya. Anton'yants and Yu. G. Turkov 


We investigated phenomena in a cavity resonator with a small ferrite sample. It is shown 
that the cavity resonator and the magnetized ferrite placed in it form a coupled system analo- 
gous to two coupled circuits. We mention cases in which it is necessary to consider these 
phenomena and we briefly examine several of their practical applications. 


INTRODUCTION 


In microwave engineering, systems consisting of a cavity resonator with a magnetized 
ferrite sample are used very frequently. Such systems are employed in ferrite amplifiers, 
for magnetic retuning of the cavity resonator frequency for measurements of ferrite param- 
eters and other purposes. 

In calculations of these systems one usually assumes that the effect of a ferrite reduces 
to merely changes in the natural frequency and in the Q of an unfilled cavity resonator. Such 
an assumption is found to be valid not only when the frequency of ferromagnetic resonance 
differs considerably from the natural frequency of the unfilled cavity resonator, but also if 
the ferrite possesses appreciable magnetic losses. If these conditions are not fulfilled, how- 
ever, phenomena of great practical interest occur. It is found that in this case a cavity res- 
onator containing a ferrite behaves like a system of coupled circuits. One of these circuits 
is the ferrite, in which any type of magnetic oscillations is excited, and the other is the cav- 
ity resonator, also excited at one of its natural oscillations. The most interesting phenom- 
ena occur in a region where the natural oscillation frequencies of the magnetized ferrite 
are close to those of the unfilled cavity resonator. An analogous effect of mutual coupling is 
observed also in acoustical resonant systems (see, for example, [1}). 

In the present paper we cite the results of theoretical and experimental studies of the 
phenomena in a cavity resonator with a magnetic ferrite sample. It is shown that these phe- 
nomena must be accounted for when measuring ferrite parameters. We briefly examine 
several practical applications. 


1. DERIVATION OF THE FORMULA 


Calculation of the mutual coupling of a cavity resonator and a ferrite can be made by the 
method of quasi-static approximation, wherein one should consider the frequency dependence 
of the components of the magnetic permeability tensor of a ferrite. 

Let us start with an expression for the natural frequency of cavity resonator and ferrite, 
written in the following manner: Mee 

( UoM Hyde ++ \ (€ — &) EE“ dv 
®—®, Ve Ve 
p \ (wolf IT” + &% EE*) dv 
\ 


(1) 


p 
where Wp is the natural frequency of the hollow cavity resonator; He Ep are the magnetic and 


electric fields in the hollow cavity resonator; H, E are the corresponding fields in the cavity 
resonator perturbed by a ferrite sample; M is the magnetization of the ferrite; € is the dielec- 
tric constant of the dielectric; Vs and Vp are the volumes of the ferrite and cavity resonator 
respectively. 

If the sample is sufficiently small, one may assume that its introduction into a region of 
the cavity resonator not occupied by a ferrite, does not distort the field. However, the field 
inside the ferrite and its magnetization may be found from a solution of the static problem 
which is equivalent to taking into account the demagnetizing-shape factors. 
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For samples having the shape of an ellipsoid of rotation with symmetry axis parallel to 
the z-axis, the transverse components of magnetization M are related to the components of 
the external variable magnetic field Hp in the following manner: 

Pe ok we 
MM, = Theos —]j anf dnl ri 
' he c ( 2 ) 
My= {A Hye + © yy 


Mo Bees 


where x© and k®, components of the external susceptibility tensor of a ferrite, have the form 


xo OE OH ke OW yy 
lowe Re ies : (3) 


2) 4 S 
oa, — om of — @” 
f f 


Here new notation is introduced: 
Om = por; Of = Oy — (V,—N)om; @ = Uy Ho; (Ea) 


Wwe is the frequency of ferromagnetic resonance, i.e., the natural frequency of a lower type 
oscillation in the ferrite (uniform precession); Hp, Mp are the external superimposed magnet- 
izing field and magnetization of the sample (along the z-axis); N,, N are demagnetizing factors 
in the z-axis direction and perpendicular to the plane, respectively. Using (2) and (3), we 
obtain 


( >. ' Oro 
\ boM Adv = \ Sh ee t [ Hx |? + | Hpy ? + 
Ve re 


(5) 
Cee A Hy Hy) | dv. 


1 j® 
ase 


Since the frequencies of interest to us are close to the natural frequency of the cavity 
resonator, at which the properties of the system have a strong frequency dependence, here- 
after we will not consider the weak frequency dependence in expressions for the field of a 
hollow cavity resonator which does not have a resonant character, putting w ~ Wp. 

In addition, for simplicity, we will not consider the influence of dielectric properties of 
the ferrite, setting € =€). The character of the coupling does not change in this case. 

Equation (1) takes the form 

o—@, Oy OF I¢ (6) 


) 


Or oF ys wo” Ie 
where 
I¢ rf \ Lo [| FT yx P "i |Toy iF a if (Hable wi A yxH py)) dv, 


‘f ee vee (7) 
Iy=\ (poHH) + eof Ey) dv. 


Assuming that 


we obtain from (6) { I (8) 
® 8 


In the limiting case when V;~ 0, Equation (8) decomposes into two independent equations 
= =0, w-w=0. The first gives the natural frequency of the hollow cavity resonator, 
but the second is a well-known expression of Kittel for the frequency of uniform precession 
in a ferrite spheroid, located in free space. For a sphere of finite dimensions the oscilla- 
tions in a ferrite and in a cavity no longer are independent. According to their character they 
are similar to oscillations in coupled circuits. 

The solution of Eq. (8) has the form 


| — 


I 
p= = {os + We Vi (@p — Of)? + 2pom iF ; (9) 
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Thus, for the frequency of the cavity resonator with a ferrite we obtained two different 
solutions, determined by the dimensions of the ferrite sample and cavity resonator with the 
ferrite situated in the cavity resonator, as well as the magnitude of the magnetizing field. 
This means that the system under consideration close to each resonator type is characterized 
by two natural frequencies. The corresponding oscillations are no longer pure resonator 
types of uniform precession, but represent mixed ferrite-cavity resonator oscillation. It 
should be noted that at no values of the magnetizing field (if losses are absent) do we observe 
coincidence of the indicated frequencies. 

In order to take into account the losses, we set 


o=0' +70’, 
Wp = Of + jos = @ —(N,—N) om + /MovAH, 
é (10) 
, im ; Op 
Op = Op + J@p = Op + 5G 5 
where Q is the quality of the hollow cavity resonator and AH is the half-width of the resonance 
curve for the ferrite. 
Separating (9) into real and imaginary parts and assuming the losses in the system are 


sufficiently small, we obtain the basic calculated formulae which determine the complex nat- 
ural frequencies of the cavity resonator with a ferrite: 


, 4 , , , , , i 
O12~ 4 fo5 +0 + / — +)’ + 20p0m 7} , 


” 4 ” ” 
: O13 soe Mp + Ot 


(0) — 96) (@p — Ff) (11) 


; : ; vf 
(@, —,)? + 20,94 D4 


2. RECTANGULAR CAVITY RESONATOR WITH A FERRITE SPHERE 


The relations obtained are used below for a calculation of the rectangular cavity resona- 
tor with Hyyo-type oscillations, containing a magnetized ferrite sphere (Figure 1). 

Such a system is often used in practice and is most convenient for an experimental check 
of the theoretical results. 

The structure of an Hmno-type oscillatory field in a rectangular resonator without a fer- 
rite is determined by the expressions 


Enz = sim ko. % Sin’ Koy; 


Koy 
Hox =] Bas Sin koxX COS Koyy, 


k 
‘ Ox : 
a Gals COS koxx Sin koyy, 
where 


he + Re = k2 = w?eopo; 


a and / are dimensions of the cavity resonator, shown in Figure 1. For small ferrite samples, 
which weakly excite the field structure in a cavity resonator, one may assume 


li \ (uo H, + e,EE,)dv~ 


¥ 


\ (Uo pH, -+ enfiyE’) dv = 289 \ | Ey 2 dv = 219 \ |Hp dv. (12) 
v 


D 
In our case © a re 
4 1 
LT es eabl = = eV, 
Ve & (13) 
=. n a 2 i o - 
hog 2 (key Sin’ ky. cos” ky + k2 cos? k, x sin? ko,y). 
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Figure 1. Rectangular cavity resonator with a ferrite sphere 


Equations (11) thus take the form 


4 | , 9 Yj 
O16 oS SA PA (0, — 0, + 454 Cue UNG Df 
Dp 
oO, = ss Jo’ +o, (@p — f) (@p — @0) (14) 
52 Zz D iss Ve ) 
| / (@p + @o)? + 4 Ve © yO,T (2, y) 
where 

r te a key aoe 2) Kee 2 4 

y= Ga Sin? kos cos koyy + —> cos*hoxrsin*kyyy. (15) 

it 


0 ko 


The dependence of the natural frequencies of the system calculated from Eq. (14) is given 
in Figure 2 (type Hj cavity oscillation, the sphere is situated at the point x=a/2, y =1/2. As 
may be seen, it is analogous to the well-known Wien graph in radio engineering. Thus, the 
magnitude of a magnetizing field plays the role of mistuning between the circuits, but the 
coupling constant is determined by the dimensions of the ferrite sample and its location in 
the cavity resonator. As the magnitude of the constant magnetic field approaches the value 
Hop = & /Upy a transition, as well as an inverse transition 
of the cavity type oscillations, occurs in the ferrite. The 
magnitude of Hop represents the constant magnetic field 
corresponding to the ferromagnetic resonance in the ferrite 
sphere, at the frequency «,. The experimental data given 
in Figure 2 in the form of individual points are in good 
agreement with the theoretical results. The greatest dis- 
crepancies lie within the limits of the errors of measurement. 

*f,. Mc/s Damping of the coupled system 
#1 2 or its equivalent, the half- 
width of the resonance curves, Mw 2 = 
= Wj2, also changes in a correspond- 
ing manner (Figure 3). In proportion 
to the duration of the cavity resonator 
oscillation the half-width of its reso- 
nance curves changes gradually from 
Aw = wp = wr /2Q to the value Aw = 
= w't = ) YAH, corresponding to the 
half-width of the uniform precession of 
“40-20 a MH 9-H 0c ferrite sample (Curve 1). The half- 
Figure 2 Figure 3 width of the second oscillation curve 


Ny “f, Mc 


Figure 2. Dependence of the natural frequencies of the coupled system on the magnetizing field 
(a =23 mm, b =10 mm, / =138 mm, d=1.24 mm, 47Mo = 1700 cps). 


Figure 3. Dependence of the sidth of the resonance curves 2Af 2 of the coupled system on the 


magnetizing field (2AH = 2.5 oe, Q = 3650): I — width of the curve for a ferrite sphere; II — 
width of the curve for a hollow cavity resonator. 
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changes from Aw = wy to Aw = uy (Curve 2). The experimental points on branch A of Curve 1 
were not successfully recorded, because at these fields the cavity resonator oscillation, in 
addition to retuning with uniform precession also interacts with one of the higher mode oscil- 
lations of the ferrite sample. 

It should be pointed out that the width of the resonance curve of the ferrite cavity resonator 
coupled system in the steady magnetic field 26H differs from the width of the resonance curve 
of a ferrite 2AH which is usually used for the magnetic loss characteristics of a ferrite lo- 
cated in empty space or in a waveguide. It is demonstrated below that the magnitude 26H does 
not remain constant but depends significantly on the operating frequency and parameters of 
the coupled system. 


3. RESONANCE CURVE OF THE COUPLED SYSTEMIN A CONSTANT FIELD 


Investigation of a system consisting of a cavity resonator and a ferrite can be simplified 
if one can use an analogy between this system and the usual coupled circuits which are well 
investigated in radio engineering (Figure 4). First of all, for a ferrite-cavity resonator it 
is necessary to introduce the concept of coupling constant. This can be done by comparing 
the expression for the minimum spread of the coupling fre- 
ee Ge a! quency in the system under consideration and in the coupled 
i| [je circuits. As follows from (11), the minimum frequency 

L, ly 

w 


2 separation equals 


E®) eee oe oe 
wy | ; , ; I 
lw, ae Reena / ee ali (16) 
| fw Ae p 
Figure 4. System of coupled The corresponding expression for the coupled circuits (for 
circuits. weak coupling) has the form 
(17) 


@, — 0, = Kay, 


where K is the coupled constant between the circuits; w, is the natural frequency of each of 
the circuits. 
Comparing (16) and (17), we obtain the expression for the coupling constant of the ferrite- 
cavity resonator system: 
- /~, Om Ts 18) 


OD 


The expressions obtained below for the frequency and attenuation are valid under the con- 
dition that the losses in the ferrite and cavity resonator are small. It is well-known from the 
theory of coupled circuits, however, that the losses can significantly influence the character- 
istics of the system. Thus, for example, if the damping ratio of the second circuit (Figure 4) 


ds K, (19) 
then, when the natural frequencies of both circuits are equal, the system has a single natural 
frequency. Carrying out this result to a ferrite-cavity resonator system and identifying the 
ferrite sample and second circuit, one may find the critical losses in a ferrite, in which 


there is no retuning of the ferrite and cavity resonator oscillations. Assuming that the damp- 
ing ratio of the ferrite is 


de =~ ESS = soGNe : (20) 
orf Of 
we obtain the critical value 
/ Oyo. If 
Nome sae Tae 2 pat 
076k )/ D) Is ( ) 


Using the analogy with coupled circuits, we now find an expression for the half-width of 
the resonance curve of the ferrite-cavity system in a constant magnetic field. For two 
coupled circuits (Figure 4) one can easily obtain an equation of the resonance curve in regard 
to the tuning of one of the circuits. Thus, for example, the dependence of current Iz in the 
second circuit on the mistuning of this circuit can be obtained, using known relations (Sees 
for example, [4]) 
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K4p 


c2 2 py 
oo ee rae (22) 
!5max (K++ dy do)? + pd} — 2K%pE + (p? + dt) BP ? 
where 
ee oe Wes ay of ow} 
KO=7 i, =e 2 or Pat gi t=! — a (23) 


The width of the curve, described by Equation (22) at the level 0.7, equals 


d2p? K?d? 
thnxol/ 4 a: ad (24) 
pPe+ai (p+ 2) 


When derivation of this formula it is assumed that 
KS d, ~ d,and@ ~ 0; ~ We. (25) 


The expression for the half-width of the resonance curve of the ferrite-cavity resonator 
at a constant magnetic field 6H can be obtained Eq. (24), replacing the natural frequency of 
the second circuit wz by the natural frequency of the ferrite Wp. Then 2A we, = 2uUo0yY0H will 
correspond to the magnitude 2Auy. In addition, instead of the magnitudes K2 and dz one 
should use the corresponding magnitudes determined by Eqs. (18) and (20). After simple 
transformations we obtain 


fe uae 
aMo7—Q 
sx ae (Meee) | 
1+a 1+a 
26 
where ot 4 ee 


As we see, the width of the resonance curves change significantly with variation of the 
oscillator frequency, reaching a maximum when w = Wp: 


I : 
6H max= MoQ 7* » 3 (27) 
Pp 


If the resonance indicator is connected, not with the ferrite, but with the cavity resona- 
tor (which usually occurs in practice), then the observable resonance curves of the coupled 
system will be determined by the current 1,, which corresponds to the field in the cavity res- 
onator but not by the current Iz which determines the magnetization of the ferrite. Using 
Eq. (23), an expression can be obtained for the modulus of current], [4]: 


lama 
a Ye+a 


V 8 (p+ a2) — Bap + pd + (KP + dda)? 
Differentiating (28) with respect to €, we obtain the value of € corresponding to the maximum 
and minimum corrent I;: 


ale 


ae erates a) See +d. (29) 


The plus sign corresponds to the maximum current, the minus sign to the minimum. The 
equation of the resonance curve of the coupled system 
lat _ 
Brace (30) 

is obtained by substituting €_,,,,into (28). 

Several resonance curves calculated from Eq. (30) are given in Figure 5. With a change 
of oscillator frequency not only the width of the resonance curves but also their shape change. 

At sufficiently large mistuning (p ~10 d;) the resonance curve is almost symmetrical and 
has a shallow minimum. Withadecrease of p, the asymmetry of the resonance curve increases 
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-20 ~10 0 10 0*E 


Figure 5. Resonance curves of the ferrite-cavity 
resonator coupled system with respect to the field 
(K = 0.6 -80°7, dp=2.7-10-*, dz = 0). ‘ 


and the minimum becomes clearly expressed, the maximum of current 1, being shifted to the 
region of large mistuning €. When p = 0, i.e., when the oscillator frequency w coincides with 
the cavity resonator frequency Wp, the resonance curve is completely "overtuned" and has 
only a minimum at € = 0. It can be shown that the width of this curve just as for current Iz is 
determined by Eq. (27). 


CONC LUSION 


This investigation enables us to draw the following conclusions. The cavity resonator and 
the small ferrite sample placed in it is a coupled system has two natural frequencies—coupling 
frequencies. The degree of coupling is determined mainly by the ratio of the volumes of the 
ferrite and cavity resonator as well as the position of the ferrite sample in the cavity resona- 
tor. Since the cavity has a multitude of natural frequencies Won» then the described phenom- 
ena will be observed close to each of these frequencies, the degree of coupling between the 
ferrite and cavity resonator being determined by the field structure of the corresponding fre- 
quency and type of vibration. This is shown in Figure 6, where we were limited to two natural 
frequencies. 

Not only uniform precession, but also other magnetostatic types of oscillations are found 
to be coupled with natural cavity resonator oscillation. Figure 7 illustrates coupling of the 
cavity resonator with one of the higher types of oscillations of the ferrite sample. A calcula- 
tion of these phenomena can also be carried out with the aid of Eq. (1). Thus, instead of 
Eqs. (2) one should use certain expressions [2] connecting the magnetization and field for the 
type of oscillation being considered in a ferrite. 


=< 


Hy My 
Figure 6. Coupling of two types of Figure 7. Coupling of two types of 
oscillations ina cavity resonator oscillations in a ferrite with one of 
with uniform precession. the types of cavity oscillations. 
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The resonance curve of the ferrite-cavity resonator system in a constant magnetic field 
may differ strongly from the resonance curve of a ferrite sample located in free space. Its 
width 25H depends not only on the magnetic losses of ferrite but also on the other parameters 
of the system. Therefore, when measuring AH of a ferrite in a cavity resonator, one should 
observe certain precautions. If the coupling between the ferrite and cavity resonator is more 
critical, the measurements should be made at frequencies far from the natural frequency of 
aes resonator. In such cases it is more expedient to make measurements in the wave- 
guide. 

For a calculation of the ferrite-cavity resonator coupled systems one may also use the 
eigenfunction method [3], which leads to the same results and a method also used in the pres- 
ent work—the method of small perturbations. 

Besides the interaction between a ferrite sample and a cavity resonator mutual coupling 
of two (or several) closely placed ferrite samples is possible. This is also easily observed 
experimentally. Moreover, coupling phenomena can be observed when several ferrite sam- 
ples are placed in the cavity resonator. Thus, the number of resonance peaks of the coupled 
circuit increases according to the number of samples. 

The phenomena considered in the present paper can be used in practice to create a differ- 
ent type of microwave system. The feasibility of efficient frequency retuning of the cavity 
resonator is perfectly obvious. It is apparent from Figure 2 that the frequency dependence of 
the magnetizing field is most pronounced in the region where the frequency of ferromagnetic 
resonance is close to the natural frequency of the cavity resonator. This enables us to obtain 
appreciable changes of the resonance frequencies with the aid of comparatively small changes 
of the magnetic field. 

In contrast with the known method of retuning of frequency of cavity resonators with the 
aid of a ferrite, when the small field region is used and it is inexpedient to operate close to 
the ferromagnetic resonance because of the appreciable decrease of cavity resonator Q, the 
method we are considering enables us to obtain efficient retuning of the frequency which is 
not accompanied by an appreciable variation of losses, particularly if we chose w}' = ayy (see 
Eq. (14) and Figure 3). 

The ferrite-cavity resonator coupled system can be used also as a multifrequency retun- 
able filter. The number of operating frequencies of such a filter depends on the number of 
ferrite samples placed in the resonator. Small increases of the field, necessary for tuning 
the natural frequency, enable us to use a coupled system to create fast-acting switches or 
circuit breakers. Other applications of the properties of a ferrite-cavity resonator coupled 
system are possible. 

The authors express their gratitude to A. A. Pistol'kors for his invaluable remarks. 
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CALCULATION OF THE POLARIZATION OF AN 
ALTERNATING MAGNETIC FIELD CORRESPONDING 
TO EXTREME TRANSITION PROBABILITIES 


IN ELECTRON PARAMAGNETIC RESONANCE 


M. I. Rodak 


For electron paramagnetic resonance in a (K3 (CoCr) (CN), crystal containing two 
magnetic complexes, we calculated the alternating magnetic field polarization (both linearly 
and ellipsoidally polarized) , which ensures extremes of the induced transition probability. 


INTRODUCTION 


As is known, in electron paramagnetic resonance experiments (EPR) it is essential to 
choose correctly the alternating magnetic field polarization, which determines, to a large 
extent, the induced transition probability Pry of transition mn proportional to the magni- 
tude |h *8 l2(see, for example, [1]): 


Pym ~ 1 BSP = (WSs + ySy + MiSs) (ltaSe + hySy + heS2) (1) 


where h is a unit complex vector, the components of which are complex directional consines 
of the inducing magnetic field H(t) of amplitude H(t) of amplitude H, and frequency w 


= 


H (t) = Re [Hyhe-#!]. 


In this case |p Ss Aon = Ny es h, + ihy, Vesa Udy, ji = > Woy & hi, ho, WDirisn, Hox 
are real. 

Let us remember that a complex h corresponds to ellipsoidal polarization of field H(t): 
the imaginary part lags the real part by a phase angle of 7/2, and the field ellipse circulates 
in a direction from h; to hp; Smy is also a complex vector, the components of which Sx, Sy, 
Sz are matrix elements of operators of the spin components for the mn_ transition; in the 
general case they are complex; Sj = S1j + iSgj, j =x,y,z. The vector Smn and the corre- 
sponding ellipse will, henceforth, for brevity, be called, respectively, the "vector spin" and 
"ellipsoidal spin'', omitting the quotes and notation mn in S. 

Thus, the transition probability Pmn is proportional to the square modulus of the scalar 
product of the two complex vectors h and S» the extremal properties of which are known [2] 
and easily formulated in geometrical language. Actually the modulus of the scalar product of 
a given complex vector S and an arbitrary unit complex vector h reaches a maximum, when 
h and s are collinear, i.e., both the correspondings ellipses are similar, are identically 
orientated and circulate in a single direction. Thus, 


[WS =|(S.P+|Sy[?+]S,2 = 52 +82, 


where S; and Sp» are the length of the principal semiaxes of the spin ellipsoid. The modulus 
| h *S | reaches minimum (zero), when h and § are orthogonal, i.e., either: 


a) both ellipses are similar, lie in a single plane, but are turned 90° with respect to 
one another and rotate in opposite direction; 
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» b) the field ellipse degenerates into a straight line perpendicular to the plane of the spin 
ellipse; _ 

c) h represents a linear combination of the vectors described in a) and b). ee 
_ If we confine ourselves to linearly polarized fields, | h*s |? has extremum values A, 
4 and 3 at orientations h in three mutually perpendicular directions-from two principal 
axes of the spin ellipse and one perpendicular to it; thus 41 =S?, .»=S$, A3=0. 
_, So, the problem of selection of polarization of the alternating magnetic field (unit vector 
h or field ellipse) , which makes the probability of the transition under consideration a maxi- 
mum or zero, leads to a determination of the spin ellipse, i.e. , to calculation of the associated 
_ transition * of the triplet of matrix elements Sx, Sy, S,. Thus, we are concerned with crys- 
' tals, whose unit cell contain only one magnetic group. If, however, the crystal contains 
several mismatching magnetic groups which correspond generally speaking to different com- 
plex vectors S (different spin ellipses) , the subject of extremal values of the transition 
probability for the crystal as a whole needs addition consideration. 


1. ARRANGEMENT OF THE SPIN ELLIPSES FOR SEVERAL PARTICULAR 
ORIENTATIONS OF THE STATIC MAGNETIC FIELD. 


Let us first point out that for several particular directions of the static magnetic field 
Hy one may predict the arrangement of the spin ellipses, without calculating the matrix 
elements S,, Sy, S,. These directions are connected with the principal axes of magnetic 
groups [3] (or, in short, with the magnetic axes) x, y, z in which the original system spin 
Hamiltonian # is usually written.** It is important to remember that the sign of the static 
magnetic field Hy» should be chosen in accodance with the selection of a right or left-handed 
coordinate system (magnetic field is an axial vector) [4]. Let us consider the case when 
the constant field Hy lies in the plane of two magnetic axes (for example, x and y). Then 
it is easy to demonstrate that for each form the transitions of the spin ellipse is located in a 
plane perpendicular to plane xy, and its principal axis is directed along the third magnetic 
axis — the z-axis. 

Actually, let us visualize the axis z with respect to the xy plane. A change in the type 
of axis triplet (from left-to right-hand set,or the reverse) requires a reversal of direction 
of field H in space. Let us first use the fact that in an arbitrary, prescribed coordinate 
system with a sign change of Hy the matrix elements Sx, S,, S, with accuracy up to gen- 
eral sign***are changed to complex conjugates S*, S*, Sz .****which evidently denotes a 
change in direction of circulation around the spin ellipse. Thus, the sought spin ellipse rel- 
ative to the two systems of coordinates *with two opposite directions of the z) must be lo- 
cated in like manner, but have opposite directions of circulation, from which our statement 
follows. 

As an example we introduce widely known ruby (Cr?* in corundum Al,0,), emerald 
(Cr ** in Bez Al, Sig Og) and other crystals with axially symmetric magnetic properties. In 
these crystals, usually the z-axis and not the x- or y-axis is directed along the crystallo- 
lographic axis. Naturally the x- and y-axes are located in the Hoz plane. Calculation [1] 
confirms that the plane of the spin ellipse and its principal are perpendicular to the Hoz 
plane. As a consequence we find that if field Hy is directed along any of the magnetic axes 


*If the energy level system is such that coincident transition frequencies exist with dif- 
ferent vectors of the problem obviously is complicated by the necessity of considering the 
difference in weights of these various S which depends on the experimental conditions. 

** The magnetic axes are directed along three mutually perpendicular straight lines, de- 
fined experimentally in the general case by the angular variation of the EPR spectrum; thus, 
both opposing directions along the magnetic axis are equally correct. 

*** A simultaneous change of sign of all three components of a complex vector, evidently, 
completely maintains the corresponding ellipse and direction of motion around it, and 
changes only the origin of calculation of the time of circulation which is not of interest 
to us. A 3 
**** For a spin Hamiltonian of sufficiently prevalent from g =8gHS +D | 2 SS ae 1)| 


+ E (82. — 5?) this fact is demonstrated by direct calculation. 
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(for example, the z-axis), the spin ellipse is either located in a plane perpendicular to field 

Hy and has principal axes along the x- and y-axes, or degenerates into a straight line along 
9; as an example, rubyis in field Hy directed along or perpendicular to the crystallographic 

axis. Finally, if field Hy is directly along the axis of axial symmetry, obviously the spin 


ellipse lying in a plane perpendicular to the static field is converted into a circle. 
2. TRANSITION PROBABILITY FOR A TWO-COMPLEX CRYSTAL 


Let us turn to the case of a two-complex crystal. Since both complexes are identically 
present in the crystal, the transition probability for the crystal as a whole is written in the 
form of a sum (with weight =) of two expressions (1) in coordinates x, yz andexten yazan 
magnetic axes of both complexes respectively. 

For concreteness, let us consider crystal K3;Co (CN). witha paramagnetic ion Cr3*im- 
purity; hereafter we will call it chromium cyanide. In this crystal the two magnetic (y and 
y') of different complexes are directed along one of the crystallographic axes (c-axis), the 
magnetic axes x and x! symmetrically border upon the b-axis, but the z and z"' upon the 
a-axis [5]. In similar crystals in order to ensure coincidence of EPR spectra from both 
magnetic complexes, the static magnetic field Hy is usually located in the symmetry planes 
ac or be. For each of these two cases the direction of the coordinate axes (along the mag- 
netic axes) are chosen of course_so that similar axes of different complexes are arranged 
symmetrically relative to field Hy. Thus, the projections of Hy on coordinate axes x, y, Z 
and x', y', z' respectively are similar, but since one of the coordinate systems is left- 
handed, and the other right-handed, magnetic field Hy has different signs for both complexes 
which gives the following relation for matrix elements in these two systems 


S;= Sp, f= 2, y, 2 (2) 


This means that the spin ellipses of both complexes are located symmetrically relative 
to planes in which field Hp lies (planes ac or bc), the directions of circulation being simi- 
lar for projections of spin ellipses on plane ab and opposite for projections of these ellipses 
on the symmetry plane (ac or bc, respectively) . 

Let us confine ourselves to consideration of the case when the field Hy is located in plane 
ac (for plane be the calculation and results are entirely analogous. Then one may adopt the 
coordinate systems x, y, Z and x', y', z described by the following table of directional 
cosines [5] (Figure 1), where we set §€ = 0.104, n= 0.994. 


Pran~ 5 |WS |? + 5 [RS [P= 
‘ $ i q = f (hia, Roar Ayo, Aap, Pre, hee) = 
= Mh? + N | hy |? + 
+ [Syl [Ref + S (hyahie + Realtsc) + 
‘ 6 \ ‘ +S" (Aywhse — hitao) + 
| + Syz (hyhza — halts), 


Reducing the components hy, hy, hy', hy', h,' to the crystallographic coordinate 


system a, b, c and using Eq. (2), we obtain the transition probability for 
a whole in the form probability for the crystal as 


(3) 
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where hy i: h2j (j =a,b,c) are respectively the real and imaginary parts of the complex direc- 
tional cosines of the alternating magnetic field with respect to axes a, b, c; 


M = e ee = St cd al COS ENS az; N= n?| Sx? a 9/5, |? — EnS.2; 
S=§S,,+ Sy, SS’ = Say ot ESye; 
Skt = SS} ie SS; = 2(SyeSy1 + Sx5q1); 


Sit = 1 (S51 — Spy) = 2 (SyeSe1 — SexS)); 


iy f= 02, hy Fe 


3. EXTREMUM CONDITIONS FOR THE TRANSITION PROBABILITY 


The problem of determining the polarization of an alternating magnetic field correspond- 
ing to extremum values of the transition probability (3) reduces to a search for the complex 
directional cosines of the field (a group of six numbers hjg, hzg, hip, hah, hic, hee), cor- 
responding to extremum of quadratic polynomial f on the right-hand side of (3), upon fulfill- 
ment of the condition 


@ (Aya -+» Nye) = h2, + ...03,—1=0. (4) 


Solving this problem of the search for the relative extremum, in accordance with the method 
of Lagrangian coefficients, we require the vanishing of all six partial derivatives (of all the 
components of h) of the auxiliary function € of parameter A: 


® = f — 2g. 


From the resulting system of six equations together with coupling condition (4) we obtain 
X and then hia ... hee. Equating to zero the determinant of the system gives a sixth-degree 
equation with three double roots 


a =0, 
hs = 4(M +N +|5,h)+ 
1M FN 4S, 1 + 5* +57 + 53 —4(MN 4M 1S, + 15,19. 


a 


We now note that 


oO o® 
Phe Seana ate am oe aa 


and consequently at the extremum point we have the equality 
je 


Thus, with a change of alternating field polarization the magnitude of polynomial f (for brevity 
we will henceforth call it the transition probability) changes within the limits 0 to Az with an 
intermediate extremum value A3. The unit field ellipses corresponding to the three A (we 
will call "extremums"') are determined from the subset of there equations (from the initial 
six) of the form 


2(M — 2) hia — Szzhy + Shc = 0, 
rai Sickie a 2 (N came i) hap i S Rye = 0, 
Shyg — Say + 2(|Sy|?—A) hic = 0, 
from which it follows that all three extremum field ellipses are located in planes perpendic- 


ular to the symmetry planes ac, and have the b-axis as principal axis. This should be expect- 
ed, considering the symmetry in the arrangement of the spin ellipses of both complexes and 


their equivalence. 
In the general case, the angles between the planes of three extremum field ellipses like 


the shape of the ellipses themselves, are extremely diverse; however, as we will see below, 
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in a number of cases the picture simplifies and becomes rather graphic. 

First we will indicate a solution of our extremum problem for a linearly polarized alter- 
nating field. Since the vector h is now real, the problem reduces to the previous one, if we 
set hza = hab = hac = 0 in all the relations. Equating to zero the determinant of the system of 
the obtained equations gives a cubic equation with roots 


ay = N, 
Tas = + (M+/ Sy VMS FS. (3) 


These three \ are extremum values of the transition probability—now already within the limits 
of linear polarization of the alternating field. Thus, A, corresponds to an alternating mag- 
netic field orientation along the b-axis, and Xz and A; to orientations along two mutually per- 
pendicular straight lines in the ac plane, whose equations have respectively the form 


hg 2(a—15,9) M—|S,P+V (M—1S, P+ 


a (6) 
ie ee (7) 
ae . M—|SyP+V(M—1S, PP +S? 


We mention that, for chromium cyanide A; is much less than A; and )2. 
4. SPECIAL CASES IN THE ARRANGEMENT OF SPIN ELLIPSES OF BOTH COMPLEXES 


Let us consider two special cases in the mutual arrangement of spin ellipses of both mag- 
netic complexes, we point out beforehand that in chromium cyanide virtually only these cases 
are realized. 

Case A. The spin ellipses of both complexes lie in a single plane perpendicular to plane 
ac (Figure 2). The necessary and sufficient criterion 
for this is fulfillment of the condition 


0) 
or 
HN S| Se. (8) 
SSN 
Thus, one of the three extreme field ellipses corres- b p “\ 
ponding to the transition probability 4;= 0 degenerates eZ ee 
into a straight line described by Eq. (7); this line obvi- eS SS 
ously is perpendicular to the plane containing the orig- 
inal spinellipses of both complexes. Two other extrem- Figure 2 


um field ellipses lie of course in the latter plane, wherein 
both principal axes are directed along the b-axis and along a straight line described by Eq. (6). 
The directions of circulation along these ellipses are opposite, the ''maximum"! ellipse (cor- 
responding to Az)circulating just as the original spin ellipse. 

In even more special cases one may also determine the shape of the ellipses. Thus, let 
the principal axes of the spin ellipses of both complexes diverge from the ac plane by 45°; an 
indication of this besides Eq. (8) is the additional equality 


I, = de 


or (9) 
N=M4+\|S,/?. 


Thus, both nondegenerating extremum field ellipses change into a circle with positive directions 
of circulation and with corresponding transition probabilities 


dos = N+ SVS? 4 83 = + (8, 45,). 


Suppose in the other special case the spin ellipses of both complexes coincide, as indicated, 
besides Eq. (8), by the additional equality 


4N(M + |S,[)=S?+ Sx. (10) 
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-Thus, we evidently return to the case of a one -complex crystal, where 
My == Ag => 0, 
he == St + S$ = | Sx)? 4- (Sy) 4- |S. = M+ N+ | Sy? 
Finally, simultaneous fulfillment of conditions (8), (9) and (10) indicates that the original 
spin ellipses have coincident circumferences. 

We note that in chromium cyanide, case A is accurately realized, when the static magnetic 
field Hp is directed along the C axis (along magnetic axes y and y' of both complexes); see par- 
agraph 1. In addition when S =S' = 0, both spin ellipses lie either in plane ab and their prin- 
cipal axes are directed along axes x and z (x' and z! respectively), or they degenerate into a 
straight line along the c axis. 

; Case B. The spin ellipses of both complexes are not known to lie in a single plane, but 
intersect along the principal axis lying apparently in plane ac (Figure 3). A necessary and 
sufficient criterion of this is violation of condition (8) 
and simultaneous fulfillment of the more general con- 
dition 


DiS See(M 2-15 A) SSeS), 11 
) (11) 


Let the length of the principal axis along which the 
spin ellipses intersect equal 2S,, and the angle between 
their planes equal 28. In this case, for a linearly po-- 
larized alternating field, the extremum transition prob- 
abilities Aa, r2z and A; given by Eqs. (5) equal S2 sin’ 8, 
St, and S$ cos*B respectively; they are realized when 
the alternating field is orientated with respect to the b- 
axis, the straight line intersection of both spin ellipses 
and with respect to a projection of the second principal 
semiaxis Sz of the spin ellipse on the ac plane, that is perpendicular to this straight line. In 
the general case of elliptical polarization we obtain two extremum field ellipses in a plane 
passing through the b-axis, and the straight line intersection of the spin ellipses: the maximum 
field ellipse similar to the projection on this plane of the original spin ellipse and having the 
same direction of circulation corresponds tothetransition probability X42 =S% + S$sin? 8; the 
second field ellipse differing from the first 90° turn in its plane and by a change in direction of 
circulation gives the transition probability 4; = 0. The third extremum field ellipse degener- 
ates into a straight line perpendicular to the plane of the two extremum ellipses; thus, the 
transition probability A; =A3. £ = 

In chromium cyanide case B is know to occur when the static field Hp is directed along the 
a-axis*—in the plane of magnetic axes x, z and x', z'. In addition (see Sect. 1) the spin ellip- 
ses of both complexes intersect along the y-axis, 

N 


GS85,20, tan*B = M 4S, = Syl 


Figure 3 


S=M+N, W=N, '3=4,=M, M=N+4+|S,/*. 


It is significant that as calculation shows, from condition (8) there follows condition (11), ful- 
fillment of which is a sufficient indication of realization of at least one of the two special cases. 

It follows from a calculation for chromium cyanide according to combinations of matrix 
elements S; [6] computed on a BESM, that Eq. (11) always holds with good accuracy in this 
crystal. is means that in chromium cyanide the triplet of extremum field ellipses prac- 
tically always reduces to a pair of ellipses in a single plane (the second is obtained from the 
first by 90° rotation and by a change of direction of circulation) and by a straight line perpen- 
dicular to this plane. This evidently is to be expected, since the location of the static field 
Ho in the symmetry plane (ac or dc) denotes a divergence by 6 degrees from the plane of the 
two magnetic axes (yz or yx respectively); see section 1. 

Calculations for the other two and multicomplex crystals (for a static magnetic field in 
the symmetry plane) are more or less analogous to the above. Thus, for instance, in a TiO2 
erystal (rutile) with a Cr>* impurity [7] there exist two magnetic complexes with a common 


* And also, obviously, along the b-axis, if Hy lies in the be plane. 
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z-axis, turned 90° with respect to one another (thus & = 7 = 45°) and the computed formulae 
obtained above with obvious alterations are also applicable in this case. 

In the case of an anisotropic g-factor the results remain valid, if everywhere we replace 
the spin vector Ss by the magnetic moment vector mn whose components Mx, My» Mz along the 
magnetic axes equal gxSx, gySy, 8z5z respectively. 

In conclusion I acknowledge the constant interest of M. E. Zhabotinskiy, and also the help 
and valuable discussions with Ch. M. Briskina and V. F. Zolin. 
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BRIEF COMMUNICATIONS 


CALCULATION OF A MATCHING METALLIC INSERT 
IN A CIRCULAR WAVEGUIDE 


Wang Huan-cho 


te Two circular waveguides with a common axis and different radii are coupled together 
by a conical junction. An Ho, wave is incident on the junction. To decrease the amplitude of 
the nascent wave Ho2 a concentric metallic rod of tapered radius is inserted in the junction. 
The Hon type waves in the gap between the two coaxial conductors with constant radii a and b 
are characterized by the longitudinal component of magnetic field 


H, =a? -U (r, §) eb @th2), (1) 


The magnitude of U(r, 9) is determined from the membrane equation 


VU+eU~0, (2) 
where 
a=VE—h k= a 5 (3) 
is a root of the transcendental equation 
Ji (aa) Ny (ab) — Ji (ab) Ni (aa) = 0. (4) 
From (1) and (2) we obtain 
H Ay ae eee 
OM eee maa; (aa) ’ (5) 
Feb) a aig? Ae 
z (2) oie mab; (ab) * (6) 


The field components of the Ho; wave have the form 
E, = — ikay |AiJi (1 r) + BiNi (1 r)I, 


(7) 


18h = tha; [Ai (a1 yet BiNi (a r)]. 
From the normalization condition we obtain the constant A, for the Ho; wave: 


Pole oie ° 


2 
may Fy 


where 


GRACU RAC OREACU PACT E 
Fi= u dr. 
4 \I Ny (aa) | Fes ey) 
Analogously the magnitudes of Az and F; are determined for the Ho2 wave. 

In order to determine the field, one must find the wave number. Having found the field, 
we can then determine the coupling constant between the Ho; and Hoz waves in the conical 
junction. 

To find the dependence of wave number h on a in a regular waveguide one must solve 
Eq. (4). Figures 1 and 2 give the function h = f(a) in mm ! for various values of b for the 
Ho; and Hoz waves. The graphs are calculated for A=8 mm. 

2. Ina symmetrical waveguide junction with a metallic insert, the coupling coefficient 
between Ho, and Hoz waves is determined by the formula 

aa e. au da i 2 db 4 2 
52 = EH le 2 HY, (a) H2 (a) + b< H, (0) Hi OF (10) 
obtained from Eq. (14), (16) in [1]. Here indices 1 and 2 correspond to the Ho; and Hoz waves. 

When the Ho; wave is incident on the junction from the direction of the wide waveguide the 
amplitude of the parasitic wave Hoz emerging at the junction is expressed by the formula 


1067 


aj \ (hy—he) dz 


Spee 1 
P= ( — Seae dz, ( ) 
1 
0 


valid in the absence of a cutoff cross section for the Hoz wave. 

The coupling constants S;; and S-ji which couple the Ho; and Hoz waves of both directions, 
in a waveguide junction with a compensating insert vanish simultaneously. Therefore, if Si 
equals zero close to the cutoff cross section, S_;; will equal zero. Thus, as can be shown, 
the insert will ensure the virtual absence of the ie wave even in that case when a cutoff cross 
section exists for this wave. 

3. For wideband matching of the transmission lines that have different wave impedances, 
we connect junction devices which represent line sections with variable wave impedances. It 
is well-known that the reflection coefficient R from the line section with wave impedance W(&) 
equals 

; 1 di Ww € tot 12 
fz ct SW) ree, (12) 


where € =z/L and parameter o = 2kL (L is the section length). ‘ 


S 
aa) 


10 1% 18 22 26 30a.mm a 18 22 26 30a,tom 


Figure 1. Dependence of hy Figure 2. Dependence of hz 
on a for the Ho; wave on a for the Hoz wave 


Let us compare Eqs. (11) and (12). We assume that for all z the total coupling constant 
S12 varies so that 
os 
=i iy (hy—hs) dz 


= fs (13) 
V 2 Sue dz = p40 W (8) , ick ge 
hy dé : 
We introduce the new variable € in place of z: 
§ (m1 —hs) dz | (hy — he) dz 
b> eer (14) 
i (hy — hz) dz 
where o denotes a general phase difference operator: 
L 
Ons jim hie: (15) 
0 
Then Eq. (13) takes the form 
ih . dinW 
V 28 sues = Dea (16) 


and integral (11) becomes identical with (12). 
We assume that the change in wave impedance is determined by the function 
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d\n W ( 
ae b) = sin n€, (17) 


adopted from [2] devoted to Eq. (12). 
Then from Eqs. (16) and (17) the coupling constant equals 


Sin (—) =D V sn Tt oe ; (18) 
3 Zz 
The derivative dé/dz is defined by 
d 4| 
en — ha). (19) 


Functions (18) is close to a maximum at o 2 2.77. 
4. Substituting Eqs. (5) and (6) into (10) and using Eq. (18), we obtain 


A\A, Ve {= eater da 4 Ay Ag db 
tha (Fa — hx) hy la Ny (aya) My (49a) dz Radha az} io (20) 
= Esinng = ’ 

where E is a new arbitrary constant that can be determined from subsidiary conditions; its 
method of determination is illustrated below in a numerical example. We determine the 
shape of the insert b(z) so that when 0 < € <1, Si2(€) is determined by Eq. (18). Then for 
b(zZ) we obtain differential equation (20). When & = 1 according to (18) S32 =0. For the largest 
Z (Zz > L) we require that S12 also equal zero. 
This gives for b(z) the equation 2,4 


a 24 1 (q) H? (0)+ zy 
dz 
(21) 


ie nee H} (b) H3(b) = 0. 


Substituting (5) and (6) into (21), we obtain 


db fa b Ni(aib) Ny (ond) (22) Qo BO tO «60 «200~=«4S—«BO 2mm 
< de eRe NOH) Figure 3. Shape of the metallic insert. 


In order to determine the initial part of the insert, one must find the value of db/dz at 
small b, i.e., under the conditions b Xa, kb K1. Thus from Eq. (20) we obtain 


db 1,27 Ehg (hy — hi) = 3 ag il da 
dt Ay Aba? Te errs een Ene (23) 


It seems necessary to set up the insert a wide regular waveguide, where da/dz =0. We will 
compute z at the point where b = 0. Then for small b 
_ [ Eha(ha— hi) ) hy 2A 
PC) [ Ay Agata 3 | 2 (24) 


5. We cite a numerical example. Let the waveguide whose radius be joined to the cone 
of the waveguide, which has a = 30 mm, we put the magnitude of da/dz equal to minus 0.1; an 
Hoi wave falls from the direction of the wide: waveguide. We determine b(z) from point z = 0 
in a wide regular waveguide. First b(z) is calculated from Eq. (24), and then from Eq. (20) 
taking into account (19). The constants A, and Az vary little with small change of a and b, 
therefore we use A; = 0.43, Az = 0.063 —values obtained from Eq. (8), if we take a =18 mm 
andb =6 mm. E ando must be chosen in this manner, so that b > 0 for all 0< € <1 and so 
that over this entire range of values, a and b remain such that the junction cross section be 
larger than the cutoff value for the Hoz wave. In addition, 922.77 should hold. 

We calculate several forms of the function b(z) for various values of E and a. We choose 
E =-1.5, 0 =3.2 7. In this case when € =1, z =117.9 mm, we obtain a = 21.1 mm, b = 8.2 
mm, i.e., we have conditions at which all the requirements in the calculation are satisfied. 
At z =29 mm, i.e., at the origin of the conical junction forming an insert, there is a fracture 
whose angle equals 7° 50'. 

When z > 117.9 mm we calculate b(z) from Eq. (22) so that S;z= 0. When z = 217.9 mm 
we obtain a = 11.1 mm, b =2.99 mm. Thus the values of zhz for an Hoz wave vanishes (the 
cutoff cross section for this wave). Finally, when z = 244 mm, we obtain a = 8.5 mm, b= 0. 
Figure 3 schematically gives the calculated shape of the metallic insert. 

The author thanks B.Z. Katsenelenbaum for a statement of the problem and supervision 
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of the work. 
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REQUIREMENTS OF AMPLITUDE AND PHASE STABILITY 
OF FIELDS IN LINEAR ACCELERATOR CAVITIES 


A. P. Fedotov and V. A. Teplyakov 


In the case of a projection system for the high-frequency supply of a linear accelerator 
consisting of several cavity resonators, requirements for stability of the field amplitude and 
phase in the accelerator cavity resonators are considered. These requirements are deter- 
mined mainly by the permissible losses of particles in the length of the accelerator. The 
instability of amplitude and phase of the field disturbs the stability of the longitudinal motion 
of particles. Radial motion as a rule depends more weakly on the instability of the high- 
frequency field, and with certain methods of focusing (for example the longitudinal magnetic 
field) is virtually independent of them. 

In the literature, we know of only one paper devoted to this subject. In this paper cal- 
culations were made of losses of particles in the accelerator consisting of several dozen 
cavity resonators, under the assumption of statistical dispersion of the phase of field with 
respect to planned values. Each cavity resonator has one accelerating gap. Calculation shows 
that the phase dispersion of the field is 5° in the case of a synchronized phase* of © = 20°, and 
the dispersion of the amplitude of the field is 1-1.5% of the particle loss in the accelerator. 
Practically, this can be neglected. Such a slight requirement of phase and amplitude of the 
field is explained by the smallness of the action of the field of the accelerating gaps on the 
particle, as a consequence of which the statistical deviation of phase from the planned values 
in the individual cavity resonators compensate one another and the particles do not lose phase 
stability. 

In practice, accelerators more often consist of several long** cavity resonators (see, for 
example, [2]). In such accelerators the requirements of field amplitude and phase stability 
are more rigid. The error of the field phase in one long cavity resonator, for instance, can- 
not compensate the error of field phase of opposite sign in a subsequent long cavity resonator, 
because in it the particles not entrapped in the region of stable acceleration, irrevocably leave 
because of acceleration [3,4]. For such acclerartors the dependence of particle loss on the 
shift of field amplitude and phase in cavity resonators (on the programmed values), can be 
evaluated by considering the region of stable acceleration of particles in cavity resonator ac- 
celerators [3,4]. ; 

Let us consider first one long cavity resonator into which bunches of accelerated particles 
enter whose states in the phase plane uniformly fill the entire region of stable acceleration. 
With a change of field amplitude and phase in a cavity resonator, this region of stable 


* For phase © = 0 particle acceleration is a maximum. 


** In a long cavity resonator the particles undergo more periods of phase (longitudinal) 
oscillation. Such a cavity resonator has several accelerating gaps. 
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-acceleration is deformed and displaced, and a portion of the particles are outside the region 
of stable acceleration. We denote by x the ratio of the current of accelerated particles in the 
excited mode to the current of accelerated particles. In the case of a calculated field phase 
in the cavity resonator, the coefficient x remains equal to unity during an increase of field 
amplitude u from the calculated value up which corresponds to the synchronized phase Qo. 
With a decrease of u from the value ug to upcos Yeo [4] 


Midas Iya z _ Au ; (1) 
1— cos @ luo 


co 
where Au = up -u. When u < ugcos eo acceleration becomes impossible. It can also be 


shown that for a constant field amplitude, the dependence of x on the phase displacement of 
the field with respect to the programmed AQ (within the limits + 3 Yep) is 


(2) 


We now find the particie loss in N long accelerator cavity resonators with identical re- 
gions of stable acceleration for random change of field phase. Let the field amplitudes be 
calculated. Then, using (2), we obtain the total particle loss in N cavity resonators: 


pee (3) 


1—*,; = : 
Peo 


i 


Here %y is the coefficient for all N cavity resonators. 

The tolerance in the field amplitude is determined from the condition of equivalence of 
Au/u and Af/P¢o (from the point of view of losses), which is found by equating x in Eqs. (1) 
and (2) 

Au _1—C0S Po A 
von 3 Poo ; (4) 


Thus, the total tolerance is distributed between Au/up and A@/@eo . 

For examples, for three long cavity resonators of a linear accelerator with Ge = 30°, 
giving a loss of 20%, we obtain from (3) a total tolerance of AP/@co = 0.35, which in accor- 
dance with (4) can be distributed thus: Au/Aip = 1% and Ap ~ 4°. 

These tolerances are minimal, because we assumed a uniform distribution of particle 
states in the region of stable acceleration. Indeed with a velocity increase of accelerated 
particles, their density at the edge of the region of stable acceleration becomes less than at 
the center. These tolerances ensure the required capture of particles in an accelerator. 

The authors thank B. K. Shembel' for valuable advice. 
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EXCITATION OF EVEN HARMONICS 
DURING FERROMAGNETIC RESONANCE 


V. N. Fetina 


The subject of excitation of higher harmonic vibrations in an electric tank circuit con- 
taining nonlinear reactivity in the form of an induction and sustained voltage, is considered 
by a number of authors [1-6]. In [2,3] it was shown that among the possible harmonic com- 
ponents of oscillations excited in a system having a symmetrical and well-defined character - 
istic of the form 


F (x) = ax + Ba, (1) 


even-order oscillations may occur, in particular, with frequency 2w. Several conclusions[3] 
regarding this oscillation are of interest, which reduce to the following statements:, 

1) Oscillations with an appreciable second harmonic exist in a certair narrow frequency 
region; outside of this region the second harmonic is entirely absent. 

2) The region with an appreciable second harmonic corresponds to a rather low frequency 
of the perturbing force (somewhat greater than 1/2 w). The resonance of the second harmonic 
occurs close to this frequency. 


Tl lo Tol loree 
ri J 


I,/: Ty Tes 


280 300 400 50@ 500 700 809 960 1860 1500 2000 f, cps 


Figure 1. Resonance characteristics of the nonlinear oscillatory 
circuit at the fundamental frequency and second harmonic. 


The subject of the stability of such oscillations was not considered by the authors of [2,3] 
and, therefore, there was not sufficient basis for assuming that similar oscillations can actu- 
ally exist. 

The stability of the higher harmonics was investigated in [4]. Its author neglects attenu- 
ation in the system; therefore, his derivation concerning the stability of oscillations of fre- 
quency 2W in a dissipative circuit are not stable. 

Nevertheless, in a nonlinear tank circuit the even-order harmonic components were ob- 
served repeatedly in experiments [1,4,5]. The first ones were mentioned in [1]. Without 
touching upon the possible causes of excitation of these oscillations, the author labelled them 
anomalous. 

An attempt to give a theoretical explanation of the existence of this second harmonic was 
made in [2]. It was assumed in [5] that the cause of the origin of an even harmonic in a real 
electric circuit is related to the multivalued (hysteresis) character of the magnetization curve. 
In the literature at the present time, however, there is no clear physical concept of the mech- 
anism of excitation of even-order higher harmonic oscillations. 

The results of our experimental investigation enable us to make certain remarks concern- 
ing the mechanism of excitation of higher even-order harmonics. Among the forced oscillations 
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excited in a nonlinear electric tank circuit, even-order higher harmonic oscillations are 
potentially possible. In the case of a single-valued and symmetrical characteristic of non- 
linearity, however, these oscillations must be regarded as unstable. This remark is correct 
also for a two-valued (hysteresis) symmetric characteristic of a real nonlinear element 
The case is somewhat different, if this symmetry is violated for one or more reasons. Then 
an even component appears in the circuit current and resonance occurs in a region predicted 
by theory [3]. A similar violation of symmetry is possible on account of deviations from sinu- 
soidal behavior of the tank current supply voltage. As a result, the ascending and descending 
branches of the magnetization curve are no longer identical, and for any amplitude of an ex- 
; ternal effect a second harmonic resonance arises in the circuit in a specific frequency region. 
During observation of this phenomenon the curves 
shown in Figure 1 can be obtained. The region of ex- 
citation of harmonic 2w and its resonant value are 
found in accordance with the conclusions drawn in [3] 
and cited above. 

If we compensate the asymmetry of the reversal 
of the magnetization loop by inducing a small constant 
bias of the appropriate sign or if we supply the cir- 
cuit with a more faithfully sinusoidal signal, the sec- 
ond harmonic does not arise for the same conditions 
and parameters. It appears anew, however, at high 

Figure 2. Reversal of magnetization amplitudes of external voltage, the even component 


loop upon excitation of a second har- __ oscillations 2w becoming appreciable in amplitude, 
monic in the circuit (a,b —different and their phase is determined by random initial con- 
initial phases). ditions (Figure 2). In this case the stability of even- 


order higher harmonics, observable at sufficiently 

large external voltage amplitudes, apparently is caused by a breach of symmetry of reversal 
of the magnetization loop due to a transient process in the initial period, when the change of 
magnetic state of the core runs through the particular curves of single-valued magnetization. 

The other possible cause of stability may be the presence in the circuit with a ferromag- 
netic core of an AC equivalent loss resistance which, as experiment shows, in a certain fre- 
quency region (less than Wreg) increases linearly with growth of magnetizing field. This can 
cause the appearance of even harmonics and leads to a resonance. 

These considerations, of course, are tentative and require further, more detailed study. 
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PHOTOELECTRIC EFFECT IN THE REGION 
OF SOFT X-RAYS 


N. G. Nakhodkin and P. V. Melnik 


To interpret curves of the velocity distribution of photoelectrons (extracted by light with 
quantum energy in the vacuum ultraviolet region), several authors [1] use the concept of 
energy scattering by excited photoelectrons moving inside solids toward the surface. The 
motion of these electrons ought to be similar to that of excited,secondary electrons [2]. In 
the quantum energy range of hundreds and thousands of electron volts where the greatest 
similarity should be observed between the photoelectric effect and secondary emission, no 
appropriate experimental work is known to us*. Therefore, we attempted to determine the 
dependence of photocurrent on layer thickness for both a metal and nonmetal. This depen- 
dence, as in the case of secondary emission, must characterize the kinetic motion of the 
excited electrons. 


0 80 ~~ 120 160 200 20 280 dA “=0 -6 -6 -& -2 0 2 & 6VE6 
Figure 1. Dependence of the photo- Figure 2. Volt-ampere curves 
current in relative units on thickness of photocurrent in a retarding 
of the investigated layer: 1—KCl1 layer field: 1—for a KCl layer; 2— 
on gold substrate; 2—layer of gold on for a gold layer 


KCl substrate. 


For the investigation we chose the wedge method proposed by Morgulis [3]. The source 
of radiation was an x-ray tube and a bent mica crystal adjusted to quantum energies of about 
1 kev placed in the same vacuum space as the investigated wedge. The following two sys- 
tems were selected as objects of investigation: gold wedge on a KCl substrate and a KCl wedge 
on a gold substrate. The small measured currents, indicating a sufficient conductivity of the 
relatively thin KCl dielectric layers, did not markedly charge these layers. 

Figure 1 shows experimental curves of the variation of photocurrent with growth of thick- 
ness of the KCl layer (Curve 1) and of the gold layer (Curve 2). These curves are qualitatively 
very similar to the broadly peaked curves of secondary emission for cases of heavy substances 
on light ones and vice versa, which were investigated at length in our secondary emission 


* After our work was completed, there appeared a paper by M. A. Rushil, A. P. Luk- 
viska and V. N. Shmelev (Dokl. AN SSSR, 1960, 135, 55) in which the dependence of photo- 
current on angle of incidence of quanta (8) was studied for wavelengths 1.39-13.9 A°. The 
authors succeeded in interpreting the angular dependence of photocurrent, by assuming that 


the yield of excited electrons is proportional toe - 2s , as in elementary theories of 
secondary emission. 
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work [4]. Itis difficult to relate the form of experimental curves to the change of conditions for 
absorption of quanta along layers, since for given wavelengths and normal angles of incidence 
the coefficients of reflection equal zero, the coefficients of absorption are not large [5], and 
a marked decrease of radiation (e-fold) sets in at thicknesses greater than necessary for the 
investigation. One may assume, therefore, that the absorption of radiation over the entire 
thickness of the investigated layers in the first approximation is uniform. As a result of 
absorption of quanta x-rays in the bulk of the substance, fast electrons are formed, the prob- 
ability of formation being larger than for slow ones [5]. The electrons moving in the sub- 
stance gradually lose their energy and slow electrons are formed, part of which make a basic 
_ contribution to the measured photocurrent. The predominance of slow photoelectrons may be 
detected in the corresponding volt-ampere curves of retardation, measured for a KCl layer 
(Curve 1 inFigure 2); these curves are similar to analogous curves in the case of secondary 
emission. 

Thus, the qualitative similarity of the thick curves of secondary emission at primary 
electron energies of the order of 1000 ev and ofthe photoelectric effect at quantum energies of 
the order of 1000 ev is not accidental, because the conditions of motion of fast and slow elec- 
trons in these two phenomena must be similar. Therefore, the photoelectronic emission at 
relatively large quantum energies has many common features with secondary emission at the 
same primary electron energies and, as in secondary emission, is a bulk phenomenon. 
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LETTERS TO THE EDITOR 


CONCERNING L.P. KUKLEVV AND Yu.P. PZERSKIY’S 


ARTICLE ‘COMPARISON OF INTERVAL CODES” 


From [1] one may conclude that the problem of decoding interval codes is equivalent to 
the problem of detecting an n-impulse signal in the presence of noise, when we accept a decision 
concerning only its presence or absence. It is assumed that the processing takes place at the 
envelope detector output and that the output noise of the detector is Gaussian. A comparison 
is made of the noise stability of the two processing methods: a) coincidence method according 
to the test 'n of n''; b) summation method in both cases for nonfluctuation signals and for 
signals with independent amplitude fluctuations according to the Rayleigh law. 

A calculation of the noise stability was carried out with the error sum test, which the 
authors call the decoding error, 


p=0.5(t—-B8a+ On), 


where 8, is the probability of decoding an n-pulse code group in the presence of noise, M is 
the probability of false decoding. 

This test is a special case of an ideal observer criterion. It is well-known [2] that in 
this case (as in many others) the optimum processing is one with respect to an algorithm of 
the coefficient of likelihood, which in the cases under consideration consists of the following: 

a) For nonfluctuating signals the summation is carried out after first making a functional 
transformation using the law: 


EE? 
y =In 1s ( 3) 


where E is the signal and noise envelope Eg is the signal amplitude; 0? is the variance of 
noise at the detector input. For weak signals this law is quadratic, and for strong signals 
it is a straight line. 

b) For signals with independent pulse fluctuations consisting of a packet, the summation 
is carried out after first squaring the terms in the bracket. Considering the character of the 
optimum processing, it is intuitively clear that the summation method without preliminary 
nonlinear transformations (used by the authors of [1] will have greater noise than the coinci- 
dence method. The coincidence method in individual cases, however, is found to be more 
feasible and, moreover, as correctly noted by the authors of [1], eliminates the possibility 
of operation for separate random large-amplitude pulses. Therefore, comparison of the 
noise stability of these methods, generally speaking, is useful. 

This comparison must be made, however, only under the condition that the threshold for 
operation in each method is chosen to be optimum, i.e., ensuring the least total error. The 
magnitude of the threshold depends on the signal-to-noise ratio, which indicates, by the way, 
some doubt of the feasibility of applying the ideal observer criterion in practice. 

Nevertheless in [1] the optimum threshold value is used only during a study of the coinci- 
dence method. The authors write ''....the necessity of decoding an n-pulse excludes the 
possibility of establishing at the output of the summation device an optimum level of limita- 
tion", that is, a threshold of operation (quotes are ours). 

In the case of detection, the problem of establishing an optimum threshold is entirely 
analogous in both methods of processing and is solved technically in both cases with equal 
ease or difficulty. The authors [1] write that in the summation method "the level of ampli- 
tude limitation is established, so that only the sum of n pulses exceeds it" (quotes are ours). 

This condition is vague, because it is fulfilled only in the absence of noise and for non- 
fluctuating signals. 
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Figure 1 (left). Dependence of decoding error on the 
power signal-to-noise ratio at the detector input for a 
regular (nonfluctuating) signal: Solid curves, coinci- 
dence method; dashed, summation with optimum 
threshold. 


Figure 2 (above). Dependence of decoding 

error on the power signal-to-noise ratio at 

the detector for a fluctuating signal: solid 

lines, coincidence method; dashed, summa- 

tion method (both are results from [1]); dot- 

dash, summation method with optimum 
threshold. 


oe FY 
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However, in numerical calculations of characteristics of the summation method, in the 
notation of [1], the threshold value is assumed to equal 


Lo = (n — 0,5) ay + nate | 


for a nonfluctuating signal and P 
ae = (n— 09% Vit hy 


for a fluctuating signal. 

Use of the nonoptimum threshold during a study of the summation method leads naturally 
to the fact the noise stability of this method is lower than for the coincidence method, in which 
the optimum threshold is used, and in the case of fluctuating signals, even decreases with 
growth of the number of summations. 

On the basis of results obtained in this manner, the authors of [1] make a "general deri- 
vation of the advantages of the coincidence method over the summation method in the most 
important cases, when a small decoding error is required" (quotes are ours). 

We made calculations of the characteristics of the summation method with use of the 
optimum threshold. As in [1], a normal approximation was used in this case. The curves 
plotted from the calculated results are given on graphs borrowed from [1] (Figures 1 and 2). 

As expected, at the optimum threshold the summation method always has a larger noise 
stability than the coincidence method. 

Thus, the general conclusion of [1], concerning the larger noise stability of the coinci- 
dence method in comparison with the summation method in this problem, which follows from 
[1], is not correct and can lead to errors by the reader. Complete clarity in this subject 
could be effected if the authors would explain the considerations which influenced their choice 
of threshold in the summation method. 
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ANSWER TO THE LETTER 


OF I.M. PETROV AND G.S. TYSLYATSKIY 


The goal of our paper was a comparison of the noise stability of the summation and co- 
incidence methods when used for signal decoding, transmitted by interval codes. Interval 
coding includes the transmission of communications in the form of n-identical pulses, dif- 
fering with respect to the interval between them. Thus, combinations may exist that do 
not coincide with one another in the magnitude of one such interval. 

In our paper we considered the case of processing of a signal, whereby a given code is 
separated from a background of fluctuation noise and other code combinations. This is the 
problem of signal decoding. 

The necessity of decomposing code combinations that do not coincide with respect to an 
interval (so-called "neighboring" codes), compels us to choose a threshold of limitation in the 
summation method, which is exceeded by the sum of n pulses, but not by the sum of n - 1 
pulses. Such a choice of threshold creates, for both methods, different conditions in the 
sense that the passage of any of the signal pulses leads to a loss of signal. Operation of the 
decoding device only with an n-fold coincidence ensures also a maximum stability of interval 
codes with respect to random pulse noise, and they are often used for this purpose. 

In the absence of noise, the reliability of operation of the decoding device designed in 
accordance with the summation method, is determined by the stability of the amplitude of the 
pulse signals and of the threshold of limitation. Therefore, to obtain the maximum likelihood 
of decoding without a noise threshold it is natural to fix on the middle of an n-step total pulse: 


Uo => (n = 0,5) Un (1) 
where Up is the threshold value; Um is the pulse amplitude in the group. In the presence of 


fluctuation noise the threshold of limitation for the summation method, according to (1), 
should be set equal to 


U;, =(n — 0,5) Oeraue (2) 


where Um ay is the mean value of signal and noise at the detector output. 

Such a threshold value may not coincide with the optimum value chosen according to the 
ideal observer criterion which ensures a maximum probability of code detection, i.e., separa- 
tion of a given code from a background of fluctuation noise only. Therefore, it is perfectly 
natural that the calculated results of papers using a threshold (2), and of letters using an op- 
timum threshold with respect to detection, do not coincide with one another. The conclusion 
of the letter concerning the advantage of the method of summation with optimum threshold 
during detection of a transmitted code, of course, raises no doubts. Simultaneously, the 
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conclusion of the paper remains that, during decoding of an n-pulse interval code, the coinci- 
dence method gives better results in case of small errors. 

We will analyze the doubts of the authors of the letter concerning the feasibility of apply- 
ing the ideal observer criterion in practice, caused by the dependence of the optimum thresh- 
old value on the signal-to-noise ratio. It should be mentioned, however, that in cases when 
the signal-to-noise ratio is unknown, the coincidence method may be used to decode a signal, 
whereas use of the summation method based on knowledge of this ratio is impossible. This 
is still another advantage of the coincidence method. 

The reasons for the objections expounded by I. M. Petrov and G. S. Tyslyatskiy in their 
‘letter are first, insufficient clearness in statement of the problem, as a result of which the 
authors of the letter suppose that the problem of detection of an n-impulse is solved, and not 
its decoding. Hence, they doubt the validity of the choice of the threshold of limitation for 
the summation method. Secondly, the authors of the paper in calculating the decoding error 
estimated only two components of this error, namely, a component of the signal and a com- 
ponent of false passage of noise. This also might suggest the problem of signal detection. 

In our case the decoding error has one more com- 
ponent, which takes into account the false passage of Table 1 
two code groups. 


The total decoding error equals Summation method 


N—1 ——— CC ee >: sn — oe 

p=P, Satpal Oy > Pity (3) sted : | “ | | = 

Gate az, | 2,83 4,45 7,4 | n 

where Pg, Py and P; are the a priori probabilities of 0,25 0,44 0,03 | 2 
signal code, pure noise and i-th code, or the weight Me 0,26 0,48 (),07 4 


factors of the corresponding errors, 8, is the proba- 
bility of false decoding of a signal code; a, is the probability of false decoding of noise; y% is 
the probability of false decoding of the i-th code; N is the total number of codes. 

Equation (3) proves that the result of the comparison may depend on the choice of codes 
and their a priori distribution probabilities. 

On the advice of B. S. Fleyshman the authors of the paper evaluated the influence of the 
most probable error component from the false transmission of other codes, i.e., errors from 
the reception of a neighboring code. We considered a special case of an equally probable re- 
ceiver input of a signal of pure noise and of a neighboring code. Thus, 


p= =~ (1—B, +4, + 1): (4) 
In the summation method probability 7 equals the probability of exceeding the threshold 
of (2) by the sum of (n - 1) choices of signal with noise and a single choice of pure noise. Us- 
ing the notation of the paper it equals 


0,52,kp_ —1,25 
n=os—o| pens | 
a 2 ) 
Van 1) Hp + 0,43 


In the coincidence method probability y; for strong signals approximately equals the prob- 
ability @ of exceeding the threshold by pure noise; therefore, 


Peet Boel ay 


The value of the optimum threshold xop¢ for the coincidence method can be found from 
the condition 3p/ 8x» = 0 which in the case of a constant amplitude signal leads to the following 
approximate expression for a calculation of threshold with respect to decoding: 
meth Ain Ly : 

2% LV n(@—2Inn) (5) 
Results of calculation for both methods are given in Tables 1 and 2 showing that upon 
taking into account the most probable error from a neighboring code, the coincidence method 

as before has an advantage over the summation method. 

Table 3 gives values of the error probability from a neighboring code for both methods, 
from which it is apparent that the error is less in the coincidence method. 

In conclusion we wish to mention that additional calculation carried out by the authors of the 
letter, together with data from the paper, enable us to compare the efficiency of the summation and 
coincidence methods for the problem of detection of an n-pulse signal. These calculations 
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Table 2 : Table 3 


Coincidence method Error probability 

ee 
ee ——————— 

H,.db 0) 6.) we toy eee alee | H,db | & | 40 le 
| |: i 2 | 0,08 2 
‘ 2,51 3.84 2 Summation | 0,62 | 0.38 ; Z 
“opt 142 | 2353.74 4 method 0.58 | 0.43 | 0.48 4 
: 0.032 | 0.0006 | 2 Coincidence | 0.24 | 0.043] 0.0007 2 
P 0:19 | 0.044 | 0.0008 | 4 method 0.36 |0.0631 0.001 | 4 


may also be of interest to codes with noncoincident intervals, when the choice of threshold of 
limitation for the summation method is not connected with protection from neighboring codes. 
We consider the criticism contained in the letter of 1. M. Petrov andG. S. Tyslyatskiy 
to be useful, because it clarifies a deficiency of our paper and contributed to a more detailed 
illumination of the subject that arose ther. 
We acknowledge the useful advice of B. S. Fleyshman. 


L. P. Kuplev and Yu. P. Ozerskiy 


Submitted to editors 13 February 1961 


ON THE PROBLEM OF THE INFLUENCE 
OF LIGHT POLARIZATION UPON 
THE PHOTOEFFECT OF COMPLEX CATHODES 


In the paper of Gerlikh and Khora [1] a description was given of the features of photo- 
electric emission of thin semitransparent Sb-Cs photocathodes operating with reverse illumi- 
nation. This feature consists in the fact that the yield of such a cathode under these conditions 
of illumination reveals a dependence of the quantum yield on the state of light polarization 
inversely established for photoemission in the case of metallic cathodes: a large yield cor- 
responds to an orientation of the electric vector perpendicular to the plane of incidence of a 
ray (i.e., parallel to the cathode surface). 

Interpretations of the results of the author are not given; only the single assumption is 
expressed that in the case of a Sb-Cs cathode "...there should exist a preferred direction of 
a photoelectric process of excitation perpendicular to the electric vector" (which appears 
very artificial to us). 

There is a direct confirmation of the truth of the unusual character of the distribution of 
photoelectrons emitted by a thin Sb-Cs cathode in the case of inverse illumination from the 
angle of ejection, established by us in [3], if it is assumed as usual that the extraction of 
photoelectrons occurs in the direction of oscillation of electric field E. Actually, when work- 
ing with unpolarized light in the case of normal incidence (our experiments) the electric vec- 
tor is always parallel to the surface and the existence of maximum electron yield in the direc- 
tion of E should be manifest in the preferential emission of electrons at large angles with 
respect to the normal. The agreement between our results and the data of Gerlikh and Khora 
extends even further, however. In both cases a similar dependence on spectral composition 


1080 


is discovered: the effect decreases with a rise in frequency. We assume, therefore, that both 
effects are an expression of the same feature of photoemission of Sb-Cs layers—the predom- 
inance of photoelectron extraction in a layer at appreciable angles to the normal over the en- 
tire visible part of the spectrum. We evaluated this angle in accordance with the assumed 
energy diagram of an Sb-Cs cathode as equal to ~ 25°. 

Insufficient data exist for a detailed interpretation of both effects. Thus, in our experi- 
ments the effect of polarization of light was not investigated in general, but it was shown that 
the observable character of the angular distribution is innate only for the case of inverse il- 
lumination. In the experiments of Gerlich and Khora the case of direct illumination was not 
- investigated. We will assume, however, that as a first step in this direction one should adopt 
the assumption already stated by us, viz. that the preferential direction of extraction is the 
direction of oscillation of vector E. This allows us not only to explain phenomenologically 
both effects by the same cause, but also to cease searching for a new explanation of the vec- 
tor selectivity of photoelectric emission in general. 

Regarding the mechanism causing such an angular selectivity of photoelectric emission 
in the case of an Sb-Cs cathode, it may be of a twofold nature. One reason may be the exist- 
ence of energetically most-favored directions of photoelectron extraction in the layer thick- 
ness from SbCs3 molecules (since the effect is most distinct in the region of small hv). The 
other reason may be regarded as the existence of a preferred direction of liberated electrons 
from the layer. The latter can be associated with the smallest losses as a result of scatter- 
ing and absorption of electrons in the layer or the minimum reflection from the potential bar- 
rier, i.e., with selective transparence of that or another in a specific direction [4]. The 
opinion on this subject can occur, however, only on the basis of accumulation of sufficient 
information concerning the energy and crystalline structure of Sb-Cs layers. 


REFERENCES 


P. Gerlikh, K. Khora, Izv. AN SSSR, Ser. Fiz., 1960, 24, 6, 698. 

Hughes and Du Bridge, Photoelectric Phenomena, GTTI, 1936. ° 

N. S. Khlebnikov and E. A. Melamid, Radiotekhnika i Elektronika, 1959, 4, 6, 1008. 

R. H. Fowler, Proc. Roy. Soc. A, 1930, 128, 123; A. R. Olpin, Phys. Rev., 1931, 
38, 1745. 


hwnd eH 


N. S. Klebnikov, A. E. Melamid 


“Submitted to editor 7 March 1961 


1081 


ee ee 


RADIO ENGINEERING AND ELECTRONIC PHYSICS 


Institute of Radio Engineering and Electronic Physics, 
Academy of Sciences of the USSR 


EDITORIAL BOARD 


; Editor-in-Chief: V.A. Kotel'nikov 
Associate Editors: D.V. Zernov, Yu.B. Kobzarev 


L.N. Dobretsov 


A.I. Berg NS cao atece A.M. Prokhorov 
eee S.G. Kalashnikov V1, Siforov 
V.L. Granovskiy ioe dee Ya.N. Fel'd 
a fee AL, Mikaelyan S.E. Khaykin 
.D. Devyatkov IRUAY pie sire B.M. Tsarev 


Scientific Secretary of Editorial Board: G.A. Bernashevskiy 


The English Edition of Radio Engineering and Electronic Physics is mailed to 
subscribers within 18 weeks after the publication of the original Russian issue. 


Russian electronic journals published by the 
American Institute of Electrical Engineers 
Translated by Royer and Roger, Inc. 


Subscription rates 
Individuals Libraries 
| £ $ £ 
Radio Engineering and Electronic Physics Prey) 0) SPF (OK) 720, 
Radio Engineering 14,25 5 28.50 10 
Telecommunications 14,25 hy ALO) 10) 


Royer and Roger translates and produces 
the following Russian scientific journals: 


Biophysics Problems of Oncology 
Entomological Review Radio Engineering 
Geochemistry Radio Engineering and 
Geodesy and Cartography Electronic Physics 
Izvestiya, Academy of Refractories 

Sciences of the USSR, Sechenov Physiological 

Geologic Series Journal of the USSR 
Pavlov Journal of Higher Soil Science 

Nervous Activity Telecommunications 


Comments and inquiries regarding Radio Engineering and Electronic Physics and other 
translation journals should be sent to: 


International Division 
Royer and Roger, Inc. 


1000 Vermont Avenue, N.W. 41 East 28th Street 
Washington 5, D.C. New York 16, New York 


RADIO ENGINEERING AND ELECTRONIC PHYSICS 


PAQMOTEXHMKA WM S/IERTPOHMKA 


NUMBER 7 1961 
CONTENTS 

A.E. Basharinov, Problems in the Statistics of Automatic Pattern Recognition 

by “Multiframe Scanning .... nei 60s fom te een oe dimen On oe ity 
B.S. Fleyshman, Nonstationary Method for Loading the Memory of a Control 

Device with Statistical Pattern Recognition “.2-2. apne en enn ne 922 
V.A. Zyanitskiy, Model of the Memory Loading of a Control Device by the Method 

of Self-Analysist. eye. c's 4 6 sic Wot fos ooh 0 te Col elon tbo pei nS eNO, Cen en a 929 
V.F. Nesteruk, The Theory of Optimal Detection of a Compound Signal with 

Correlated NoiS@ = osc sent 3 Wu sos nes) op eli ed tae RSL eee CRC a 934 
R.L. Stratonovich, Optimal Reception of a Narrowband Signal of Unknown Frequency 

on a Background of Noise. 6 270.6 Weg cece) on oe) ete ot clare nee On cen e 942 


M.I. Dorman, The Spectrum of an Oscillation whose Frequency Passes through 


VA} 0 rn i ene Te HO OO OG OD OH Do oO De as 955 
V.1. Tikhonov, The Markov Nature of the Envelope of Quasi- -Harmonic Oscillations 961 
I.Kh. Rizvkin, The Characteristics of Nonlinear Elements of Frequency Dividers .... OA 
V.I. Ivanchikov, Some Problems in the Theory of the Refraction of Magnetic Waves 979 
P.P. Pavlov, The Electromagnetic Field and the Distribution of Current along an , 

Infinitely Long Uninsulated Wire in a Conducting Medium ................. 985 
R.V. Khokhlov, Wave Propagation in Nonlinear Lines with Dispersion.......... 993 
L.S. Benenson, Calculation of the Phase Velocity of Waves in an Artificial Metal 

Dielectric when the Current Harmonics on the Elements of the Structure are 

Considered .%..ie aiece Sie atin wie ee ne col op ep a) 0) cet nye a rr 1004 
V.P. Shestopalov, A.A. Bulgakov, B.M. Bulgakov, Theoretical and Experimental 

Studies’ of Helical Dielectric Antennais’ <2 ce 2. a) ene nee 1011 
L.D. Bakhrakh, I.V. Vavilova, Spherical Two-Mirror Antennas,............. 1020 
R.F. Matveyev, Calculation of Side Flow in a Long Waveguide Line ........... 1029 
S.B. Gurevich, Sensitivity of TelevisionSystems with Different Scanning Parameters 1036 
Ye.N. Petrov, Theory of a Flat-Electrode Triode with Negligibly Small Grid- Anode 

Space Charge. 65. .0.05 6 so. © ¢ thos BE stay apne euee oh ugh Ce east ots amen re 1040 
V.B. Braginskiy, V.A. Dianova, Ye.R. Mustel', Investigation of Frequency Multi- 

plier Using the Nonlinear Capacitance of ap —n Junction...............-. 1043 
L.K. Mikhailovskiy, et al., Nonlinear Nutation-Type Gyromagnetic Effects in 

Perrites: sie Vig ase hs Fey wl tet ej no ates RN eed een rr 1046 
A.L. Mikaelyan, V. Ya. Anton'yants and Yu.G. Turkov, Phenomena of Mutual 

Coupling of Cavity Resonator and Perrite. <<] 2.) ssi sie enn enn 1052 


M.I. Rodak, Calculation of the Polarization of an Alternating Magnetic Field Cor- 
responding to Extreme Transition Probabilities in Electron Paramagnetic Resonance 1062 
BRIEF COMMUNICATIONS 
Wang Huan Cho, Calculation of a Matching Metallic Insert in a Circular Waveguide 1067 
A.P. Fedotov and V.A. Teplyakov, Requirements of Amplitude and Phase Stability 
of Fields in Linear Accelerator Cavities 
V.N. Fetina, Excitation of Even Harmonics During Ferromagnetic Resonance... 1072 
N.G. Nakhodkin and P.V. Melnik, Photoelectric Effect inthe Region of SoftX-Rays 1074 
LETTERS TO THE EDITOR 
Concerning L.P. Kuklev and Yu. P. Ozerskiy's Article "Comparison of Interval 
Codes", I. M. Petrov and G.S. Tyslyatskiyv a. 2s 0+. 3 seinen oe ee 1076 
Answer to the Letter of 1. M. Petrov and G.S. Tyslyatskiy, L.P. Kuklev and 
Yu. P. Ozerskiy 
On the Problem of the Influence of Light Polarization upon the Photoeffect of 
Complex Cathodes, N.S. Klebnikov and A.E. Melamid................. 1080 


